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FORMULA FOR THE INDUCTANCE OF A HELIX
MADE WITH WIRE OF ANY SECTION ‘

By Chester Snow

ABSTRACT

The formula for the direct-current inductance of a single-layer helix which is
here obtained takes account of the helical shape of the wire and hence of the
axial component of current. It does not assume uniform current density over
the section of the wire, but is correct to the second order for any current distri-
bution which may be expanded by Maclaurin’s theorem over the section of the
wire. It is especially simple if this section is symmetrical about two axes through
P
a
is the pitch of the helix and a is the radius of the cylindrical form. The terms

its center of gravity. It is correct to the second order inclusive in £ where 2 P

neglected are of the order of (%)8 loggo The formula is derived from the funda-

mental equations of the magnetic field and naturally takes account of the peri-
odic structure of the field, which is important in the vicinity of the wires. This
periodic part of the field, which is due to the discrete nature of the windings and
to their regular spacing, falls off rapidly (exponentially) as the distance from
the wire increases, so that, at appreciable distances, the field assumes its regular
value due to a current sheet. This current sheet differs from Lorentz’s in that
it has an axial as well as a circular component of current. Attention is also
given to the mutual inductance of the helix and the return leads.

The inductance of a helix (aside from the leads or their mutual inductance) is
given in the form

Ly= S S u(@:y1)dS1 S S u(Zays) dSs M (2131 22y5)

where the integration is performed twice over any section of the wire (say, its
initial section) where u(zy) is the magnitude of the current density at a point
zy of this section, and where M (zy1z,y2) is a symmetrical function of the two
points P(z1y1) and Pi(z;y;) in thissection. It represents the mutual inductance
between two unit current helical filaments of the same pitch 2xp and axial length
!=2xp N which pass through these two points. By studying this function and
making a number of reductions, an approximation to M is obtained, correct to
the second order in % ’ xz;xl and yz;yx_
inductance by surface integration over the section of the wire for ordinary kinds
of sections. Formulas for circular and rectangular wires are obtained and sim-
plified, equations (114), (120), (131).

The paper 2lso contains (in Appendix 10) the exact solution for the field of a
helical current filament, infinite in Jength.

It is then an easy matter to obtain the
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To compute the inductance of a coil, it is sufficient in most prac-
tical cases to proceed as if the wire completely filled all the winding
space. A single-layer solenoid may be replaced by an ideal current
sheet in which the windings consist of infinitely thin strips of tape
without any insulating space between them. Such a process will
undoubtedly give a first appr0x1mat10n to the inductance, but it is
evident that where precision is desired a formula for the inductance
should be based upon expressions which represent the magnetic field
in the immediate neighborhood of the windings or (as in the present

case) the vector potential within the wires themselves.
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The results here presented have been derived directly from the
equations of the electromagnetic field and simplified by approxi-
mations to a preassigned order of small quantities (the second).
The coil has not been idealized as a set of circles, nor as a current
sheet, but cognizance has been taken of the discrete nature of the
windings and the helical nature of the wire. The results are formu-
lated for any shape of cross section of the wire and are not limited
to the case of uniform-current distribution over the section.

In 1906 Rosa obtained! a formula for the case of circular wire
which has been considered sufficiently correct for the most pre-
cise of modern absolute measurements. He considered the sole-
noid as made up of a series of parallel circles, so that he neglected
the helical shape of the wires and the axial component of current.
His argument is based upon Maxwell’s theorem of geometrical mean
distance, which is derived from the logarithmic formula, and is
strictly applicable only to infinitely long cylindrical conductors, and
hence approximately correct for coils whose radius of winding is large.
Moreover, his method of replacing the tedious summations for wires
of finite sections by comparing them with the corresponding values
for thin strips is somewhat empirical and not quite satisfying. He
justified his method by numerical application to the case of a single-
layer solenoid wound with thin strips of no radial thickness and no
insulation space; that is, to a continuous cylindrical current sheet.
This is the only case where an exact formula existed which could be
used as a check. With a radius of winding of 25 cm, the results
agreed with the current-sheet formula to 1 part in 1,000,000, and
Rosa, therefore, concluded that there is no reason why it should not
be equally exact in the case of round wires with insulation spaces
between them. Since he does not start with an exact formula and
then neglect infinitesimals of known order, it is difficult to say just
what is the percentage error involved in Rosa’s method due to the
curvature of the windings and their spacings, as well as the axial
component of current. In view of the increasing precision of elec-
trical measurements and on account of certain absolute measure-
ments which are being undertaken at this bureau, it seemed worth
while again to consider this problem with the object of obtaining a
more exact formula or one in which the percentage error could be
estimated. P

In this paper the wiré is regarded as a bundle of helical filaments,
all having the same pitch 27p and same axial length /=2xpN. The
y axis being taken as the axis of the cylinder, the initial section of the
wire 8, in which the current enters, being in the zy plane, then two
points P, (z,y,) and P,(z,y,) in this initial section characterize the

1 Rosa, Calculation of the Self-Inductance of Single-Layer Coils, Bull. of the Bureau of Standards, 2,
No. 2.
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two helical current filaments passing through these points. The
current density is assumed to be in the direction of the helical fila-
ment, of magnitude u (2y,) for P, and u(z,y,) for P,. Beginning
with the Newtonian integrals for the vector potential, it is found
that the inductance of the helical distribution L, (apart from the
lead wires) is

Lu= S Su(a,) Sy S S u ) M (a,2,,) dS,

where the integration extends twice over the initial wire section and
the function M (x,y,2,y,) is a symmetrical function of the two points
P, and P,, which may be called the mutual inductance of the two
filaments passing through these points. It is defined by a definite
integral. By means of Neumann’s theorem, this is expressed as a
Fourier-Bessel expansion whose coefficients involve definite integrals.
After some mathematical analysis, most of which is relegated to the
appendix, an approximation (86) for M is obtained which is correct

to the second order, inclusive, in the small quantmes . L2, Ys a?ll

and %’,Where a is the radius of the cylindrical form upon which

the wire is wound. This consists of the logarithmic term
—4maN log +/(z,— )%+ (y,—y,)?, finite terms, and infinitesimal ones

2 2
of the order % (%) log %' and (%) - The largest terms neglected

, . _
are of the order of (g) log%)- It is then an easy matter to inte-

grate this expression and obtain the inductance of a helical distri-
bution of current in a wire of any ordinary shape. The current
density is not assumed to be uniform, but its value is expanded by
Maclaurin’s theorem, and thus a term arises which takes account of
the nonuniform distribution of current and admits of estimating the
source of error due to this unavoidable circumstance.

A fairly simple formula (108) is obtained in case the wire section S
is symmetrical about the z and y axes through its center of gravity.
Special cases of importance are those of circular wire (114) and rectan-
gular wire (131). The computation of inductance of a helix 40 cm
in length, of 400 turns, with a pitch of 1 mm and diameter of circular
wire 14 mm, having a mean cylindrical radius a =15 cm, gives a value

L,=26,553,512 416 (1 49 Y

and uy its partial denvatlve in the z direction. In case the
current density is uniform u,=0 and the 16 cm is added to the
inductance. In case the current density varies inversely as the dis-

)cm where u is the current density

tance from the axis (the ‘““natural distribution’’) 2“—,:’-= —2 so that
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16 cm is subtracted. The two distributions differ by 32 cm in induc-
tance, or about 1 part in 1,000,000. Rosa’s value is less than this by
only 4 parts in 1,000,000.

If the circular wire in this example were replaced by square wire of

equal thickness, the inductance is L, =26,543,066 + 21 (1 _*_QCZLx)’

a decrease of 1 part in 2,600 from the circular case.

In Appendix 10 the exact expressions are obtained for the magnetic
field of a helical current filament, infinite in length. An equation is
obtained for the magnetic lines of force in the immediate neighbor-
hood of the helix in a plane through its axis. The lines of magnetic
force very close to the filament (and in this plane) are identical with
the equipotential lines of a charged grating, which are shown in Fig-
ure 13 of volume 1 of Maxwell’s Treatise.

In Appendix 11 the mutual inductance of the leads with the helix
is computed for a certain arrangement of the former.

II. GEOMETRICAL CONSIDERATIONS

If the point P, (z,y,0) lies in that part of the zy plane between
the planes y=0 and y=2xp for which z is positive, then it has
the rectangular coordinates z=z,, y=v,, 2=0 where 0<y,<2wrp.
It has the cylindrical coordinates r=2, §=0, y=v,. If this point

(fig. 1) be given a uniform angular velocity, %—g (either positive or
negative) about the y axis combined with a simultaneous linear
velocity, p (—é% in the y direction, it will trace a helical space curve ex-

tending from y= — © when = — o to y= + o when 8= + « which
lies upon the cylinder r =z, =const. The rectangular coordinates of
any point P on this helix are (fig. 1)

z=rcosé
2= —rsin 6 , 1)
y=y,+pb

If the angle 6 be allowed to have any real magnitude and if the pitch
p be the same for all helices in space, then the position of any point
in space may be uniquely specified by the three coordinates r, 8, and v,
the » and 6 fixing, respectively, the cylinder and the plane through
the y axis upon which the point lies, and the coordinate ¥, specifying
the particular helix of all those lying upon the cylinder » =constant
which passes through the given point this coordinate y being defined
as the y coordinate of the point on the first positive turn of the heliz
corresponding to §=0 (y must always lie between zero and 2xp).

A conducting wire of any section, which is wound upon the cylinder
r=a to form a single-layer solenoid, is frequently regarded as approxi-

/
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mately equivalent to N circular turns, each turn being similar to its
neighbor but displaced a distance 2zp from it in the y direction. A
much more accurate representation of the wire is to consider it as the
volume generated by imparting to the first section of the wire in the
zy plane the above-mentioned screw motion consisting of a uniform

angular velocity %% about the y axis combined with a simultaneous

linear velocity P%Z in the y direction. (See fig. 1.) Thus all

sections of the wire by the plane 6=constant have the same shape.
By P (r8y) we shall designate any point in this section, 6 = constant,

X | 2np anp

-

—
—— -

-~

~,
~
-~
~
/<<

' Fic. 1.—S8ection of helical windinj

which lies on the helical filament which passes through the initial
point P (r, O, y) in the initial section. As @ changes from 6 to §+df
this point P traces the element of arc

ds=+rP+p*do _ @)

Similarly, any element of area dS=dr dy of this section generates
the volume element

dv=dr dy rdf 3

The latter is independent of the pitch 2rp. It thus follows that the
volume of a turn of the helicoidal wire is the same as that of the
corresponding circular wire for which p=0. Infact, the helical turn
could be produced by cutting the circular turn by the plane §=0 and
giving it a uniform shear, which leaves the volume unchanged because
the length of each infinitesimal circular filament of the circular turn
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is increased by this shear in the same ratio that its normal cross
section 1s diminished.

Since the cross section of the conductor is not actually zero, we
may regard the wire as a bundle of helices each having the infini-
tesimal cross section dr dy in the plane 8 =constant. However, the
plane 6 =constant is not a normal plane for the helical curve. The
tangent to this curve has the direction cosines Iy, mu, nn. Since r
and y remain constant as the point moves along a given helix while

6 alone varies, it follows from (1) and (2) since Zh=g—§

“

—sin @

=20
\/1+1-’2~
r

4

3
-
<
+
I3,
!

—cos 8

Ny = =
\/1+p—,
r )

The normal to the section 6=constant has the direction cosines

l,= —sin 0
my=0 (5)
Np= —cos §

III. DISTRIBUTION OF STEADY CURRENT

It will be assumed that the (vector) current density § at any point
in the section 6 =constant has the direction of the helix which passes
through this point; that is, the direction of the above-mentioned
screw motion. 'The direction cosines of § are, therefore, given by (4).
Thus § has the same magnitude at any point P(rfy) of the con-
ducting section 6=constant as it has on the initial point of the same
helix at P(r,0,y) in the plane 6=0. The magnitude of j will be
denoted by u(ry). If the wire carries the total current unity, then

1= fdr S dy w@ry) {ludn+mamn+nanp}
or by (4) and (5)

1= fdofdy \/—‘i @
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This integration may be taken over the plane section of the wire
6=0, the zy plane where the current enters the helix.

The rectangular and the cylindrical components of the current
density at a point (r6y) in the wire are given by

)

-
“
I
<
3
[a—y
+ <
=
~
Q
1
g
D>
I
$
+
-~

Whatever the function, u=wu(r, y), the current density j is solenoidal;
that is, the divergence of § is zero. The distribution of steady
current over the section of the wire must remain a matter of assump-
tion, the exact nature of which must depend upon experimental
evidence. Two of the simplest cases are: (@) The magnitude of the
current density w(ry) is inversely proportional to the length of the
helical filament; that is, u=1[—r2-—c——+p;- In this case the line integral
of the electric field taken along a line of flow from the section §=6,
to 6 =63 has the same value for all the current filaments in the section.
This may be called the natural distribution. (b) The current density
is uniform over the section; thatis, u(ry) =constant=c. The value
of ¢ in either case is determmed by equation (6) when the shape of
the section of the conducting wire is known.

IV. FUNDAMENTAL ELECTRICAL EQUATIONS

The magnetic vector H due to any finite distribution of current is
solenoidal and may be derived from a vector potential A by the

relation
H=curl 4 8)

In the case of steady current, the fundamental equatlon of the

electromagnetic field is
curl H=4nj 9)

which requires that ‘

div =0 (10)
The last equation requires that all currents flow in closed circuits.
It is evident that from (8) and (9) A must satisfy the equation

curPA=—- 24 +V div A =4nj (11)
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which is not sufficient to uniquely determine 4. However, it may
be shown that if § represents a finite, solenoidal current distribution
the Maxwell equation (9), together with the condition that H is
continuous and vanishes at infinity, does uniquely determine the
vector H. Consequently, all the solutions of (11) which are con-
tinuous with their first derivatives and vanish at infinity must have
everywhere the same curl and, therefore, lead to the same value of H.
Thus if the vector A4, satisfies (11) one may form the new vector
A,=A,+ V¢ where ¢ is a scaler function. Then curl 4;=curl 4,,
which shows that both vectors A, and A, give the same magnetic
field. Moreover, curl? 4,=curl® 4,=4rj, which shows that A4, is
also a solution of (11).

Since any solution of (11) will serve the purpose, it is customary
to choose for simplicity that one which is solenoidal, so that

V24 = —4m) (12)
div A=0 (13)

subject to the condition that A and its first derivative is continuous
and vanishes canonically at infinity like the Newtonian potential
function. The solution of: (12) is the (vector) Newtonian potential

 (2'y*2') dxtdyrdet
A= f f f I 14
VE—a)+ y—y)+ e -2 (14
which will also satisfy (13) if § satisfies (10). The integral in (14) is

taken over the volume of all conductors where j is different from zero.
The elementary contribution to the value of this integral of a current

I flowing in the (vector) element cZe is

Ids
VG—ar+ =g+ G20

and this leads (by taking the curl according to 8) to the Biot-Savart
law for the magnetic field due to a current element. As long as
electric currents are regarded as closed, the truth or falsity of this
law must remain beyond the possibility of experimental test and this
even if one admits for the moment that the conception of the mag-
netic field is not a mathematical abstraction but is capable of direct
experimental evaluation. For it has long been known that this law

could be modified by the addition of terms of the type glff’ where ¢
is any single-valued point function, without altering the value of the
magnetic field due to a closed current. Therefore, if one applies the

integral (14) to a part of a circuit which is not closed (as for example
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the N turns of the helix), this implies that the value of A for the
lead-in wires and other apparatus by which the circuit is to be closed
will be computed according to the same (Newtonian) integral.
With this understanding the value of the vector potential A® due
to the current in the helicoidal wire at any point in space P, whose
rectangular coordinates are x,, ¥, 25, or whose helical coordinates are
7y, 05, Y3, Where 6, may have any real value, is given by the vector
equation

Scientific Papers of the Bureau of Standards [ Vol. #1

2rN ]
. 7 (ryyy) d6,
4 f "‘d"*f dy‘ﬂ VE + [y~ y, + p 6~ 0)F

where the integration of , and y, is over the initial wire section S,
and where

(15)

R?= 7‘12 + 7'22 - 27'17'2 cos (02 - 01) (16)

The vector equation (15) may be replaced by its three rectangular
components by substituting for the vector j its three rectangular
components in succession. These are given by (7). If we then
project the z and 2 components of A" along the d1rect10ns of increasing
r and 8 according to the equations

Alr=A>" cos §,— A" sin 6,

. (fig. 1) (A7)
Ag= — A" sin 6,— A," cos 6,
we obtain ‘
" rdr ("2xN cos (0,—6,) do,
Ap— | 9T f % d »— by
e Vi+E TR, Tt PG 0
" rdr (2N sin (6,—8,) d6,
AP= _ﬂ_l_f d 2 1
: \/1 + l)i u(rlyl) yl“ 0 '\/R2+[y2_y1+2’(02—01)]2 (18)
7'12
" rdr N p/r,db,
An [ndn f d )
y J \/1 N 2% ’Uz(Tl?/l) yly[) _‘/Rz + ['!/2 -, +p(02 — 01)]2
rlz

where the integration with respect to r, and y, is taken over the
initial section 8 of the wire in the plane =0 (or 2=0), or over any
section of wire 6= constant.

It is possible to evaluate the integrals (18) for A" at any point in
space in infinite series, involving cylinder functions and hypergeo-
metric functions. To write out these series in general would be un-
necessarily tedious, principally because of the enumeration of cases
necessary according to the position of the point P;(r.0,y,). However, if
we are concerned only with the self-inductance of the helix or its own
mutual electromagnetic forces, we require merely a knowledge of the
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vector potential A at points inside the conducting wire. For the
inductive or electromagnetic action of this helix upon other con-
ductors (such as the lead-in wires or other coils), it will usually be
satisfactory to consider the current to be continuously distributed
over the entire winding space of the coil. If the other conductors
are not too close to the helix, this assumption will satisfy the most
precise requirements of experiments, for one may show that the
periodic variations or ‘“ripples” in the magnetic field, due to the
discrete regular spacing of the windings, fall off exponentially and
very rapidly as the point moves away from the conducting wires.

In order that we may restrict the analysis of the magnetic field
(or vector potential) to those regions where we actually need it, we
may at this point consider the definition and general formulation of
the inductance of the helix.

V. DEFINITION OF INDUCTANCE OF THE HELIX

The circuit must be closed through the helix by means of lead-in
wires and other apparatus. Let 4! be the vector potential due to the
current in these leads, etc. Then 4 =A'+ A" represents the poten-
tial due to this compound circuit which is closed and carries unit
current. The electromagnetic energy T of this current distribution is

The last integral is taken only over the volume of the conductors
and is derived by classical transformations from the first, together
with the field equations and boundary conditions. From this equa-
tion the inductance of the circuit may be written (since (j-A) repre-
sents scalar product) as

L=JsJ S (Gu-ANdos+ S S S Gu- A)dvn+ S S S Gr- A% doy +
S S S G- ANdw,

where dv,, is the volume element of the helix, dv, that of the leads. If
we make use of the Newtonian vector potentials in each case

o[ [ e

D= (z—2)+ (y—y)+ (—2')

where

this becomes

L___L hl(ihfh')g’vhd”h'+f’£(7'h"ilzi’vh'dvl+
f (i") dvdwy’ + f (fn-hN)dvndv,’
1Jv D aJr D
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Or ;
L =L+ L,+2 M,,=inductance of the circuit

— (]h . ]'h ’) d’l)hd'l)h !
L= [, [ 2

_ (jljl’)d'vl -dv’
L- |, [ H10p

M= J,J B (G avyi= [ G- 4o

The quantities L, and L, may be called the self-inductance of the
current distribution of the helix and of the leads, respectively, while
My, is their mutual inductance, the assumption being that all are
computed by the same type of vector potential, which in this case is
the Newtonian one, and which is equivalent to the Biot-Savart law of
magnetic force. The two methods here offered of computing M), are
in reality identical, since they differ only in the order of integrations.
One must integrate over the volume of the leads the value of At
at all points in the leads, due to the current in the helix. If the leads
are not too close to the helix one may compute A* as if the current
in the helix were distributed in a continuous manner over the winding
space of the latter.

We are concerned here primarily with Ly, which is characteristic
of the helical distribution of current. The foregoing definition of L,
leads by the use of the expressions (18) for A® to the formula

where

Lv=SJS dSsu(ry,) S S dS, u(rgn) M (ryarays) (19)
where

, M(ray,ry,) = ; .

2N 2= N . — L
L) s, de, (COS . —6) +"17'2 (20)

\/(1 +£§)(1 +2)J, b VB + [~y +p6,—0)F
Ty r, i ' .

R =rl+r?—2rr, cos (6,—6,) (21)

The function M (ry,r,y,) is unaltered by interchange of the sub-
scripts , and , on either variable. The equation (19) exhibits L,
as the surface integral over the section of the wire at 6 = 0, with respect
to the variables 7,y,, of the surface integral with respect to r,y, of a
symmetrical function of the two points 7y, and .Y, in this section.
It is evident that M, therefore, plays the part of the mutual induc-
tance of two helical filaments each carrying unit current, having the
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same pitch 2rp and number of turns N, the two filaments being
characterized by the points r,y, and r,y, of the original section
through which they pass. The magnitude of the current density
u(ry) in formula (19) is subject to the restriction of equation (6)
which states that the total current through any section of the wire
is unity. No further restriction need be made at this point.

Since neither the shape of the wire section nor the nature of the
current distribution « enters into the determination of the function
M, but only the two helical filaments through the points P, and P,,
respectively, of the initial section §, it seems worth while to devote
considerable attention to the evaluation of this function in general.
We shall obtain an approximate expression for M which is correct to

the second order inclusive in the small quantity g + The ratio of the

linear dimensions of the cross section of the wire to the radius a of

the cylinder must in all cases be as small as 2—7;22’ and in exceptional

cases may be much smaller.

2
It m\ay be noted that the term 7‘% occurring in the numerator of
12

the integral in (20) represents the contribution of the y component
of current. The denominator of this integral will approach zero
when the points P,(r,y,) and P,(r,y,) approach each other, and it is
necessary to determine the precise manner in which the function &
then becomes infinite. '

VI. THE MUTUAL INDUCTANCE M OF TWO HELICAL FILA-
MENTS

If we let 6,—60,=¢' in (20), it becomes

71Ty 2xN > —642xN 1 P
Z)_z f d¢t s ¥t TaTy
1 + 1 +— Y 3
VE*+ (y,—y, + po")

If we integrate first with respect to 6, with the proper change of
limits, this gives
T4y

77y
P ya
\/<1+ X1+ ) N VR (y,—y, + po)?

2
3;; (21r N—- ¢1><cos ¢+ ;%;
’ VB + (y,— yy + pe')?

‘(’Z¢ . (21rN + ¢‘Xcos o'+ v
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If in the first integral we let ¢ =2r N+¢' and in the second let

¢ =27 N—¢* this becomes
f (cos ¢+—-— d¢ i 1
| VB HT+y,—y,—peF

4Ty
D ,
14y
4R2+(l—y2+y1 p¢):| ‘/ 1+p132(1+ f¢(cos¢’+ ,rz)d¢

VU+y—pé)*+ R?

-y
s f l<;>(cos o+ 1r2)d¢ f ¢(cos ¢>+ d¢ (22)
o Vi—y—pe)*+ R V- p¢)’—}-R2

y=vy,—vy, and l=27rpN (23)

where

It will be assumed in the following that y and r,—r, are positive.
The expansions obtained for M under this restriction may then be
made general by interchanging in them y, and y, when y, > v, and
by interchanging r, and r, when r, > r, since (22) shows that the
value of M is unaffected by interchanging either pair r,, r, or y,, ,.

If A is positive, it is known that?

B

Also by Neumann’s addition formulzan2

Jo(sR) =23 exd n(ry) Ja(rs5) cos nd (25)

where e, =1 if n><0 and e,,=—;— and where J, is a Bessel’s function.

Combining (24) and (25) gives (if \ is positive)

1 1
N+ R? N tr2trg—2r 7 cos ¢
=2 J; odose‘“gen n(78) n(r,8) cos ne - (26)

2 N. Nielsen, Handbuch der Theorit_a der Cylinderfunktionen, pp. 186 and 280.
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Replacing N by y— p¢ in (26) one obtains

- pz
¢(cos ¢+7E do
0 Vy—pe):+ri+r2—2rr, cos ¢

v
2 (o) [o0)
_2 f Z’s(cos o+ L)cw f =G93 60T u (r18) T n (r25) COS b
0 T 0 n=0

¥
= éenﬁ(%d)-q&[cos (n—1)¢+cos (n+ 1)¢+ —£— cos n¢ |-
fdse —28)8J  (r18)eJ n (rzs)

—17 Ny — N exc08 @p—” ﬁ 383—»{J,._1<rls>Jn_1(rzs>

n=0

FTan9) Tan(r29) + 2T ri8)Talrss) | 27)

Hence (22) may be written

M(Tz Yy = FQ F
Ya'1Ys p\/<1+p>(1+p> (+y)+ I—w _FG)} (@8)
Where
¥
? ‘qs(cos qH-—ﬁ de
Fy)=rg, p*

\/ (y—po)?+ (ry—r)?+4rr, sin? g

i, f I\ - f dse { T, )T () + 2 e, (rzs”

xny hz

3» i ¢Sy

! 2 t+ 'm

R ECHNCHI
P

A Tant 8 T2108) + Taai9) Tana009) + LTG0 Ta) | (29)

+r1r22 ds

where the real part of this complex quantity is to be taken. Similarly,

the substitution of I 4+y for y in this expression gives F(I+y). Itis

assumed in these definitions (29) that y=y,—v, >0 and r,—r, >0.
102333°—26{—2
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By taking the real parts of these expressions, the formula (28) may
be written

T N—
(4 5)(1+5)
@, @+y) +G,C—-y); (30)

+G’1(?/) - 5
+0-y) Gz+G3]

{Go(y) . GO(Z+?/) ';‘GO(Z_ y)

where

M o] 2
Go(y) = — rxrzj;y d"lﬂ ' d)‘J; dse"“’[J 1 (r:8)J y(1,8) +;,%.‘2‘J o(ry8)J, 0(7'23)}(3 1)

SR
&) =rp? ) 15 | ds g e a1 (48) Tae y (1y5)
1 ;n J; (1 +Z-)—'§-) [ 1V 1 (32)
FTa12(8) T (1) + 2L meamﬂ
@,=r,r, ) ,cOs -27 w—%{ 2=y (748) Jny (1,8) ,
n=1 s4+—
P (33)
T (48) Tary (143) + Tulr) J (r,s)]

Gy= r,rz”zf" sin _?/ - (:nspz) { 1 (748) o (7,8) ”

b Ty (1e8) Tary (rs6) + - a(r) J.,<r,s)] |

In the following section we shall take up the simplification of these
G functions, carrying the approximations to the second order inclusive

2= ", and g (=?/2_;y_1>. Where necessary,

it will be assumed thatr, <r,. Since Mand each G functionisunaltered
by interchange of r, and r,, the result of any expansion which is ex-
pressed in terms of r, and r, under the assumption that r,—r, >0, will
be valid when r,—r,< 0 if r, and r, are interchanged. Similarly, for
Y2—Ysr

in the small quantities g’ d
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VIL. EVALUATION OF M (ryrys)
1. PRINCIPAL TERMS ARISING FROM G,

Since /1 is small

Go(l+y) + G, U—1)
2

Go () -6 -a60-%6a"0 65

where by (31) _%2 Gy’ (1) may be replaced by

14/ oo b 11
—-‘—”4‘-’3—’2—@=%ﬁﬁ dteTJf(t)--’/“cbl(k) (36)
where
B=—tr sothat o=2V1=F 37)
1+<%)
and
© /T
ba(p) = ﬁ Vi WAICY! (38)

As considerable use will be made of the functions ¢,(i), some of
their properties may be investigated. For this purpose we may make
use of a special case of (26), replacing X by 2\ and letting r,=r,=1
and 6,=0. This gives

f die—2\
2 v N+ sm2

Jg? (t)+22J2(t) cos M} (39)

n=1
Or if
I
M 1+x2
__t‘____ f dte ‘/n' J 2(t)+ Jo2(2) cos nf
4\/ 1—pu? cos2 n2=1 (40)

=%¢o(ﬂ) + qun(u) cos nf

= n=1
according to the definition (38) of ¢,(k). The identity (40) shows
that ¢, (u) is the Fourier coefficient in the cosine development of the
periodie function of 6, Ll . This gives a second integral

4#1 — u? cos? %

representation of ¢,(u), namely,

— ¢os 2n8 df —1)%u ("5 cos 2n8 df
buli) =2 [ =L s

TJo 1/1~,u2cos20— T Jo 4/1—p2sin? 0 (41)
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It follows from this integral form of ¢,(u) or from (38) by taking
account of the differential equation of the Bessels function, that ¢,(u)
satisfies the second order differential equation.

T TG o N

and the identical relation

3 2 1
(243 bea) =2 5= 1 )0+ Vs = (n 45 Joule)  43)
By expanding the integrand of (38) in a power series, it is found that

1
I‘(n+§> w2+ 1 1
)= 2/ (K F( Famt2n41, 2) 44
$ale) \/ﬂ,(nﬂ)(z ntimttion 1 (44)

where F' is the hypergeometric function. For the particular cases
n=0 and n=1 (44) shows that

$o() =K () (45)

a0 =2(5-1)E6 - 30 )

where K(u) and E(u) are the complete elliptic integrals of the first and
second kind, respectively, whose modulus is . Another useful rela-
tion derivable from (42) and (43) is

8 (o Do

~(n+5)] ~tau +(5-1 Jpat) (47)

which may also be put in the forms

(n+ 1)¢n+1(ﬂ) n¢n(l") v 1 —#2
piA1—p2 = 2u

{¢n+1(ﬂ) +¢n(ﬂ) }

and

Pn1 (1) — P (u) 1
ﬂ(l #z) d 2(n+%>{¢n+l (ﬂ) + ¢én (ﬂ) } (48)

By combining (47) and (42) one finds also

f¢“(")d“ 1 ¢n..1(#) (~—1>¢n(u) —-WLT' t“f'%=

4<n+2)
=@{—¢n+zm)+(%-1)¢nm)} (49)
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The special cases of (48) and (49) where n=0 and n=1, together with
the use of (43) and (47), give the followmg indefinite mtegrals

gm (@) B -2 0-) K@) G
(s T
Sube V1=t ) - K} e

In general, x is less than one but it is necessary to know the manner
in which ¢,(u) becomes infinite when p approaches one. This is
shown by the form of the hypergeometric function given in equations
(22) and (23) of Appendix 1. This shows that ¢, (u) may also be put
in the {orm

2n+1
$nln) =5 —{ua(l—4?) —va(1—p?) log (1 -4} (53)
where
Un(1—p?) =% (1_ 2)3[ (3+n+ ]T (n)
[ ( 2)]7 =0 I'(s+1)
va (1—p2)=F(n+%, 51, 1—“) (54)
w 1 1
T'(n)E2Z(t+n+—1——t+l)
t=3 2
so that
Ty(o) =4 log 2, Ty (n) =4 log 2—2Y ¥ —Loif n>0
mo t+§
T, )= Tom+2) ) (i——— ) ifs>0 (55)
t=0 t+’n»+‘2‘

In particular, if 1 — 2 is infinitesimal, then neglecting infinitesimals
of higher order than 1—u?

$a () = 5| To(m) —log (1—4) - (ne-3)a s log (1=i)

() (n+3) T - Lot Ja =)}
Lo 08 Ly (w1 -0) Log (1) +(m+5 )

M
[n—§+ To(n)— n+§>T1(n)](1 —.U«z)J

(56)
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Another relation which will be found useful is derivable from the
Fourier’s series (40). Let f (8) be any function of § which is devel-
opable in a cosine series as follows:

FO=5fot ) \facosnd  0<<x (57)
n=1

Multiplying (40) and (57) together and integrating the product with
respect to 8 from O to = gives

'QH; ——*—“—f ®do f do (1) + 2 ;fn ¢n (1) (58)
\/1 —u? cos? 5 2
0

n=1

o]
2 2 _
In particular if £(6) =(13 —1r0+%> cos 0= 2 }cos (n—1) 07—;608 (n+1)6
n=1

this gives for the value of a series which appears later

g o(32) 1 x0- [ )

+%<{_; E®) — ﬁ 2 T—F2 sin? 0d0)

The value of the series on the left of (59) may be determined by
graphical integration of the right side with less labor than by com-
putations based upon the power series definition of ¢,.

By means of the foregoing properties of the functions ¢,, we may
proceed with the simplification of the terms G,(l) and G,(y) in (35)

(59)

defined by (31). Changing s to-r1 in (31) gives
2

—G,0) =773 Joldx, f "N f den T (), 4
2 l d)“\/rlf dte r: o(t)J‘,(;_—lé) (60)

The function of the two varlables — and ’1 defined by the integral

2

\/”If dte” nJ ) o

becomes infinite when ;\— and ;—’ simultaneously approach the limits
2 2

0 and 1, respectively. It may be studied by noting that this func-

tion satisfies a certain partial differential equation in these two
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variables and reduces to ¢, _--—71—_.~)‘——2 when :~ 1, while its
Vi+(3) ”

derivative with respect to rl vanishes when :;}= 1. A much simpler
2 2

discussion is, however, possible, for we may prove that this function

. A , .
of the two variables -~ and ;—‘ may be expressed as a function of the
2 2

single function u(z\*’ ﬁ) defined by

( ) 1 4r,r, (61)

( )+<1+ ) T M=)t TN ()2

4rr,

This theorem takes the following form
r‘f dte r’J @®J (—— = (u) (62)
where p is defined by (61). This important relation may be estab-

lished as follows: Multiplying (26) by J 2 gives

7T, — J; dse”‘s{']"(rls)z']“(r?s)

2N+ +r2—2rr,cos (0,—6,)

+ EJn(rls)J.,(rzs) cos n(02-0,)|

or

1\/ 4rr, 1
ANV N+ (r,+7,)? 4rr, , (0,—0,
L= 5+, 2H)
[eo]
=\/Z‘f dte” B
r,Jo

£
To®Js (r ) EJ o8 (%)COS”("Z“")’

If, then, u has the value given by (61), this 1dentity takes the form

4\/1-—u cﬂ:)sZ \/ f o n R (r t)
+Z;Jn(t)Jn<7;—‘:) cos n(02—01)‘

A comparison of this Fourier series with the series (40) gives the
theorem (62).

(63)
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The second integral in (60) contains the second order factor p2.
Therefore, we may place r,=r,=a in this term, neglecting higher
order infinitesimals than the second. The theorem (62) by the use
of (45) then enables one to write (60) in the form

— G0 =+, f lan, f " Iy ()
0

K( 1 A 2) (64)
2 M 1 + 5
+£ J; tan, J; dx \7/;__+ (g};}

where u and \ are connected by (61). The first integral is evaluated
in Appendix 3, equation (19). The second may be evaluated graph-
ically. (See Appendix 2.) Letting

Ly=ry—a, T,=r,—a, x=xz‘:'xv Y=Y—Yp 2=+ =2,—2,
+i(y,—vyy) ' (65)

and combining the results of Appendix 2 and Appendix 3 gives

-@, (l)—-— [A +£BO+A1($1Z$2) wl xz—-xl) 11_ wzz_zlz)

8a a 16a a?
T2, Lo~ %, 2_(12—:&1)2 T, — Xy ] (66)
+ A4 e +A4( p ) 37 log e

The term in G,"’({) in (36) may be written

Loy - E=RIED - 2E0) Yy o7

The value of @,(y) is found in Appendix 4, equation (1), as

403 ((x,— ) T,— T, 2 z }
G( )= ™ { 8a? g 8(1 )+16€b2 8a? log g(; real part (68)

Hence if we let

1{(2—k) K(k)—2E%) 1
As=g] 3 +|

we may collect all terms arising from @, by adding together (66),
(67), and (68) in the form

(69)

G,(1+y) +Go(l—y)

Gy(y) —

3 2 — 2 __ 2
=%[A.,+%B0+A1(x‘zxz) T (ks x)—i %2 wl)

8a a 16a a?

L4%, r,— 2\ Y= Y_ 2 i} (70)
+A3 a2 +A4< a >+A5< a g—d—zlog 8a
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where the real part of the last term is to be taken and where it is
assumed that r;—r,>0; that is, z,—x,>0. When z,—z,<0 then
z, and z; must be interchanged in the above equation The finite

R

2a
by (20) of Appendix 3. The constants B, and A; are determined,
respectively, by Appendix 2 and by (69).

constants A,, A,, A;, and A, are functions of k= given

2. PRINCIPAL TERMS ARISING FROM G,

From the definition (32) since @, contains the second order factor
%, it is evident that to the second order inclusive

_G(I+y)+6G,I—y)
2

-—6,0)= —azpzz‘J% J; " dse=1® {J 2 (a8) +J na ?a8)}
n=1 '

o o __l_
= )L [T 20 + a0}
n=1

5. PN V0uos () 4+ 60, ()
az n?

n=1

by the definition (38). Making use of (59), this gives

_GI+Y 16—y _ sy

2 T a?

B, (71)

where

2— 2 02de 1[ #2
B=_( = )[12K(k> f‘n kzsmzo]+76 ~E®

% % (12 8)(2 sm-B)
- f @ T se 0d0]=7c f o

+1—k?sin? @

(72)

The second order term G,(y) is examined in Appendix 5. Equations
(13) and i14) of that appendix, together with (71 and (72); enable
us to write

a,(y)—

2

(73
4a3 2a )

A P g2 D1og2 L1, (2)
= az{ B1+Bz+1210gp 1210gp ZF‘ P/ Jreal part
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where

_ZT(n—1)+T(n+1) Too)=4log2
8 and

T,(k)=4log 2 — 2215—{—2

0 © se P _
F (p) bp anf 1+s2 (75)

The imaginary part of these expressions is to be discarded.

(74)

and

3. PRINCIPAL TERMS OF G: AND G,

In equation (11) of Appendix 6 is derived the following expression
if r,—r,>0

fee] — ( ) pe— ( B
. SR o e o
P’

to the second order inclusive in «,—z, and p. 'This gives in (33)

(U=y)G,=rirsp(— y)ze "cos-—

N==1

Similarly from the result of (13), Appendix 6, namely,

c_2ms b rm Y\ (%)
2\? Ty ( = 2 -
p<sz +1—L§) e x\r,s) Jk(Tgs) ds 2‘/;1_7‘2. ( p +n2 e )
0 p
is derived a value for (34)

Gy= ‘fr—lr;pz(%+;’%)e—3sin n%

Hence, if we place vrr,=a (1 +4 + a:2> in the first order terms and

pl&ce \rr,=a in the second order term and in conformity with the
previous forms let z=x+iy=1x3— :cl+z(y2 y,), we get, if x=r,—x,
>0 and y=y;,—vy,>0

s(p 1
I—y) G, +Gs= 1‘:[&2 Z Z(H“"HZ)Z
"~ (76)
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where the imaginary component is to be rejected. This may also

be written
(Z - ?/) Gz + G3 =

S BTG O OO I

2\ e_'niz":_ » T
F’(p> ;} " log(l ¢ p)

where

! (78)

4. COLLECTION OF ALL TERMS IN M (z; y; s ys)

The function » (x, y,) v (z,y,) M (x, y, «, y,) must be integrated
twice over the initial section of the wire in the plane §=0 to obtain
the inductance of the helical distribution of current by (19), where
u (z, y,) is the magnitude of the current density at a point z, y, of
this section. Similarly, u (2, y,) is its value at any second point
2, Y, of the same section. For the sake of arriving at a simpler and
more familiar notation for performing these integrations over a plane
area, it must be remembered that we have adopted the following
change of notation. Instead of representing the distance of the two
points P, and P, of the plane (oblique) section of the wire from the
axis of the cylinder by z, and x,, we now use these letters to designate
the distance of P, and P, from the cylinder r=a, so that

,=r,—a T,=r,—a (79)

Adding together the equations (70), (73), and (77) and substituting
in (30) gives

2 2
+2 ;(B,,-B,+B,)—§1og,r]

2

a a 8 A
M(z,y,2,y,) =p2 2 2| (i
V1 +E 142,

1

ry

p 84, (z,+xz, 7:103[_2_ (_2_)] a
+o o p >+ pE 3+4 5np Iogp

E§ T4, (sz'xl)z (?/2_?/1)2]
+a27r[A3 D4, Bzl 4, )

P’ Ty + T, 2\_2
+2 41rN[1+ + ][F(p) =
P (_z_ e X (Z (L)) 2
+a2[47r \27rp> log7r T 3+4 5P logzﬂ_p

B GGG
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where
z2=|x,— o1l +3|y,— yi (81)

The terms which are functions of the complex variable 2 are func-
tions of the relative vector distance from the point P, (z, y,) to the
point P; (x; y,), both points being in the plane section of the wire
given by 6=0; that is, the plane in which the current enters the helix.
The real part of these complex expressions is to be taken. Before
taking the real part, it may be noted that these transcendental

functions of the complex variable 2 admit of great simplification. In

Appendix 7, equation (8), it is shown that

2\ 2 2. - z2 \2_ z N\
R(3)-5m- 1"%*;;”7» (255) "~ 1oe 3~ 23 s

=1 (82)

]

N -
k=1

The series converges provided |z| < 2xp; that is, provided that lz] or
the modulus of z (which is the numerical distance from P, to P,)
shall be less than 2xp, the distance between successive helical
filaments.

In Appendix 8 a number of transformations are made by which it
is found—equation (22)—that if |z| < 2xp

2z \? 4 2 2 \? 2 2 P .2 2
n(gp) e g (34 (5) e g2 -2 1 (2)+i2m(2)
: © (84)
) 2z . 2 2 2 2n
+ ’LF3<§)]=27F [66267-{-.63754 (m) —-ZZ c,,<§1r—p> ]
n=2

where
(— 1)n2°° 1
C,,= n kzﬂ_l (85) .

k=1

where

Making use of (82) and (84) in (80), we obtain the following
formula for the mutual inductance of two unit currents in the two
helical filaments having the same pitch 2zp and length ! =2xpN
which pass through the two points P, and P,, both in the same plane
section of the wire, made by a plane through the axis of the solenoid.
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M(x1y1x2y2)= [8;;00, +2 A +8A1;a T, —;x
\/1+p \/1+p ,
+1r|:3+4( )]log +1275081r<——)

P’ (86)

+ R
—4x N I:l +—————-m12a$2]10g (—1—2>
X +x
+4WN[1 4o 2] Eb (2@)
(o] Z an

In this expression z, is the distance of the point P, from the cylin-
drical form (r=a) measured in the direction of increasing r, where r
is the distance from the axis. The coordinate of P, in a direction
(in this section of the wire) which is perpendicular to that of z is y,.
Since y, and ¥y, enter this formula only in the form y,—y,, the = axis
may be anywhere in the section. The real part of log z is log Ry,

8 - (y,— )
+;[A3le)f2+A4 (z,—,)? + A, yzpzyl ]

R,=+(z,—2)?+ (y,—y,)? (=the distance from P, to P,) (87)

The real part of z is to be taken in (86), and in this form we may
write without restriction

z=(2,—x,) +1 (y,—y,) instead of |z,—z,| +4|y,—y,| (88)
because the real part of even powers of z like
=[x, —z,+7 (Y. —y)]™

consists of terms of the type (z,—,)* (y,—y,)?* where k and s are
integers. This is unaffected by interchange of z, and z, or of ¥, and
y,. Consequently, with the definitions (87) and (88), the expression
(86) is perfectly general. It obviously satisfies the requirement
that M be a symmetrical function of the two points P, and P,.

The numerical coefficients b, are given by (83); the coefficients
¢ by (85). They are also numerical. The coefficient A, is a function

of k=;/—::1=l:? It also includes all other cohstant terms which
(D)
2a

are numerical and is defined by

A, =2 (B,—B,+B,) +.66267 3 log = (89)
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where

] g ( — J2
B,= f o, f n, 1/“1+n‘1 _l_N1-F

B~ kf :(f2- ><‘”S"”)

JI—k*sin? 6 (90)
B,—1 T, (n— D+ T4l _ 0 T,(0) =4 log 2 i
n=1 n? ’ T,(n) =4 log 2_22_1_
1
=0t +5
2
so that

B, —% log 7 +.663 = .0020%0

™
By the use of an integraph, the functions B, and B, have been
found, and the function A, computed. (See ﬁgs 2, 3, and 4.) The

other coefﬁclents 4, A, As, A, and A, are also functions of %
given by

A= HOZPEB=-205® o)
a=5 ZP ) (92)
PRELICE BT O )
- 2E(7c)—<1k -5)E® g} | (04

5=A7"‘_44 (95)
el 1—22pN (96)

1 +<2a)

The bracket in the second member of (86) contains terms which,
in general, represent four orders of magnitude. When the distance
between the points P, and P, is of the same order of magnitude as

the pitch of the windings, ZE’ and 2%) are finite. In this case the

2
principal term is the finite one 8;12‘;? + The termsnext in importance
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are of first order, which contain either the factor 2 or 4rN. The

second order terms are finite quantities, for we have now multiplied
2

in the second order infinitesimal %' The terms of type log 2 are

of order higher than the first and lower than the second. The ex-
pression (86) has been obtained by neglecting terms of the type

3 a N
s log >

If the points P, and P, approach each other, the two helical
filaments approach coincidence throughout their entire length. In

this case% and % approach zero and the logarithmic term becomes
the predominating one, and M,, becomes infinite in such a manner
that its principal part is 2 (@ral) log - Since 2 is small, the

12
total length of each filament is practically 27a N, and this shows that
the principal part of the mutual inductance of the two helical fila-
ments, when they are very close together, is the same as if they were
straight and parallel.

In taking the real part of the terms of type z®, n=1, 2, 3-..we
may place z=R,, el where ¢,, is the angle between the z axis (of
this section) and the line R,, drawn from P, to P,. The real part
of 2* is R,, cos n¢,,, and since the terms in sin n¢,, are imaginary,
and to be discarded, it follows that those remaining (cos n¢,,) are
unaffected by changing the sign of ¢,,, These terms thus depend
in a simple manner upon the distance R,, and its direction. The
one term, of course, which is independent of direction is log R,,.

VIII. GENERAL FORMULA FOR THE INDUCTANCE OF A
HELICAL DISTRIBUTION OF CURRENT FOR ANY SHAPE
OF SECTION OF THE WIRE

The inductance of the helical distribution of current has been
shown to be

L,= f f dwzdyzf f dxxdyxu(mlyx)u(xzyz) M(xlyxxz?/z) 97)

This is a repeated surface integral over the plane section of the wire,
first with respect to the point P, and then with respect to P, of the
symmetrical function of the two points

w(@ ) u(z,y,) M(z,y,2,Y,)

The vector current density at a point z y of the section has been
assumed to have the direction of the helical filament passing through
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this section. Its magnitude is u (z ¥), and since the vector must be
solenoidal and the current is steady the current density has this same
value at all points of this helical filament. The magnitude, u, may,
however, vary in passing from one filament to another; that is,
w=u (z y), and there is nothing in electrical theory to indicate the
nature of this variation. (This possible nonuniform distribution of
steady current is, of course, not to be confused with that which arises
from distributed capacity and electromagnetic induction when the
current is alternating. The current density in that case would also
vary along the length of the same helical filament. The more am-
bitious problem of determining such a distribution of alternating
current to a first approximation might be attacked by the method
of integral equations, using (86) as a starting point, which must
certainly be correct for vanishing frequency.)

In carrying out an absolute measurement of the highest precision,
one must obtain some evidence of an experimental nature as to the
function u (x y) or at least show that its variations are negligible for
the degree of precision aimed at. There can be no question but that
the current density u is practically constant over the section of the
wire, but in attempting a second order precision, as in the present
formula, one can not avoid a consideration of this nonuniformity.
Causes of this variation might be in the nonhomogeneity of the wire
caused by drawing or any other internal strains, or in the manner in
which the electromotive force is applied to the wire. Two of the
simplest assumptions that might be made are (a) that w is constant,
or (b) that w varies inversely as the length of the helical filament
corresponding to the point (z ¥); that is, u=—1c¢=a-£—x. This is the so- .
called ‘‘natural distribution.” In order to make an estimate of the
importance of this effect and to provide a formula by which it may
be corrected for, if known, we shall expand u (z ¥) by Maclaurin’s
series in terms of the two small variables x and y. The degree to
which this expansion must be carried, to be commensurate with the
other approximations here made, will immediately become evident.

It will be recalled that the formula (97) for the inductance of the
helical distribution of current has been obtained on the assumption
that the total current flowing through any section of the wire is unity.
This places one restriction upon the current density w (x y) which,
since the section is oblique to the helix (and to the flow), has been
shown in equation (6) to take the form in the present notation.

u (zy) dedy _ (08)
Nar

This relation shows that all constant terms within the bracket of the
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second member of (86) contribute simply their own value to L; for
the double surface integration indicated by (97) of the terms

a
.l ju
Jl + le\/l +7'22'

contributes to L, the amount

u(x,y,) d:c,dyz u, (2,y,) do dyJSAo“ +or A,+.._ log J
1 +— \/ 1+.3 ’

8Aa2
=a 2‘; +27 Az—l— T log ;} (99)

{SA"“ +2rAd, + T Jog p}

This 1s true whatever the current distribution function u (x y).
Furthermore, the remaining terms within the bracket of (86) are all

infinitesimal compared to p’ ) the most important being first order

or the order of 2. Since (g) is negligible, it is evident that, for the

1 outside the bracket

remaining integrations, the factor
| \/ 1+ 24 /1+E
Ty Ty

may be replaced by 1. For the same reason, it is evident that the
Maclaurin expansion

u(a:y) u (0,0) +z b:c) (

will be sufficient to obtain a formula correct to the second order, and
ou ou . )
the first order terms (b_a} )ooand Y (52_/ )wneed be retained only in com-
bination with the first order terms within the bracket (86).
If for brevity we represent from here on u (0,0), gZ) an d(—g—g—;

by %, %s, and u,, respectively, the Maclaurin expansion takes the form
- Uy Y
u(acy)—-'u,{1+x 2Ty u} (100)
Substituting this form in (98) gives to the first order inclusive

u_l[ _5%_5EJ (101)

102333°—261——3
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where Sis the area of the plane section and z and y the coordinates of
its center of gravity. This with (100) gives

u(x1y1)=—{1+(x1—w) 4 (y,— y)%’] T (102)

u (wlyx) u (2,Y,) “'S’E{l 2:1;~—~—2y—— + (z, +2,) x+ (Y1 +92) } (103)

If in (97) we make use of the expressions (86), (99), and (103) we
obtain the general formula

L [SAoa
)Gy (5522 ()
it ).t ()10 (o
+7a [1.27508+4 log ‘1] 5 f f ds, f f ds,(Q—Zz;)z
-41ra,N[1 2 %2 -“y:l 5 f f ds, f f ds, log Ry,
4ol f f ds, J f as, [(%ﬁg-‘) + 2 yl] log By,
+41raN[1—25 %-2@%]%; f f ds, f f ds,Zb.,(Z%))’"
+4malN f f ds, f f dS,[<%+2 ,+———y1]2b (%p)

=g [ Jas.[ fas Z"“ (%)

where Z and Y are the coordinates of the center of gravity of the
section, k,? and k,* the radii of gyration of the section about the y
and z axes, respectively, and Sk,,? the product of inertia of the
section referred to, a system of axes in which the y axis is a generating
line of the cylindrical form. These quantities are given by the
formulas

g=g | [aas g-g [vis ba=g [ [=as
ko=t f f ydS b= f f 2yds

The real part only of the complex quantity z=x,—z,+1% (y,—,) is
to be taken.

+274, + log pj 47raN<1 +g—> log%

(104)

]

(105)
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The formula (104) becomes more simple if referred to a new system
of axes parallel to the former, which pass through the center of
gravity of the section (Z, y). If Sku, Sky, and Sk,, now denote
the moments and product of inertia referred to the new axes through
the center of gravity, then

kx! == kxz — §27 kY’ = kyz - yz7 kxy= kxyz-—x—y

The remaining integrals are also simplified by this transformation so
that we may write the general formula as follows:

s
) 2

+2rad,+64rad [(1 aux) (21rp)2 w (21:1;)’]

Feg—Foxh —ky
Gy )2] 41ra,N(1+ )log +2ra(1.27508) &2 O o

—4mN(1 +§) 5 f f as, f f ds, log R,
—4-mNSI—2fdeszdS1[(é+ggf)xl+%"—’4y1] log B,, (106)

(123 fo o T )
+4xaN —f f a8 f f a8 [(1 2u,)xl+__ y,]Zb (2"1’)
—drag f f s, f fd&nzz cn(%_z.p)zn

In this formula Z is the positive distance from the surface of the
cylindricel form to the center of gravity of the section, and z,y, and
.y, are now referred to this center of gravity as origin.

2a
[A +2A1pz+A3p2 "[1+12 log

+64wad,

The principal term in this formula is

I =§C_LA a 321rN2a3{(1 —k) K(k) — (1 —2k*) E(k) .
= r 0 pz = 312 I3

which is the well-known formula of Lorenz for the inductance of
& eontinuous cylindrical current sheet of radius a and length I=27p N

(Where k= 2) in which there is a circular component of car-
1 +<

rent only. (The axial length of each filament is I=2xpN, that of
the coil is [+ wire thickness).
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The inductance L, of a current sheet (with circular component of
current only) for a cylinder of the same length, but which passes
through the center of gravity of the section of the wire would be
given by the same formula in which « is replaced by a+Z and k by %

where
- 1
Virlrara]

If we make use of the definitions (91 to (96) and expand to the
second order, inclusive, we find

— 327 N(a+7)® (I—k’)K(k)—(l —2) E(R)
L= 312 [ 1]=

[Aop2+2A1 9% | 4, p]

{In this formula 7 is 2rpN and not the overall‘length of the sheet.)

=k+= k(l k”)—-—i(?ks(l —k?)

(107)

1. WIRE OF SECTION § SYMMETRICAL WITH RESPECT TO THE z
AND y AXES THROUGH ITS CENTER OF GRAVITY

Since log R,, and the real part of #r=[x,— 2,41y, —y)P" are
both symmetrical functions of the two points P, and P,, it follows
that the second and fourth integrals in (106) W111 vanish because of
the assumed symmetry. Also kyy =0. We then obtain from (106) the
following formula for the inductance of a helix, in which the section
of the wire is symmetrical about both axes through its center of

gravity.
_ _ B _\V(=Dr/ 2y
L,=L,—4n(a+%)N [log 'Z—)— 2 n (Q?ﬁ)mlszn]
1 —D7 2y
+2ra{A2+“[1+12 @r 17)2]1 2 27rP realSzn"(IOS)

E(—k)—1)(1 200 (2;2',)2

+4[ 18123 +2(M) kK(k)] k(yZ’rp) }

where

11
5= s
k=1
S,=1.644934  S8,=1.017343  §,,=1.000995
8,—1.202057 §,=1.008349  §,,=1.000494 (109)

§,=1.082323  §8,=1.004077  §,,=1.000245
S,=1.036928  S,=1.002008
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In this formula B denotes the geometric mean distance of the
section from itself and is defined by

1og§_—ffds ffds log Ry, (110)

Similarly Z 2 denotes the mean value of the mean value of the real
part of
\ =R ™ cos 2né,,
where
Z=2,—2,+c(y,— Y, =Rye
It is defined by

= . 1 . m ] p P an -
L e =I‘S,-5ffdsz deereal =§J‘J‘ S, S,R,,>"cos2né,, (111)

For sections of any ordinary shape, this may be readily found by
means of integrations similar to those needed to evaluate ky: and kys.

. . iy . .
The terms involving u, have canceled. The term ——u—f is zero if

the current density is uniform, but for the ‘“natural distribution”

the current density u (x) constant so that %‘— —1. Hence the

a+z
(k)

next to the last term in (108) is + S(E 1) @ p) ; according as the

current distribution is constant or varies inversely as the length of
the helical filament through the point. This term serves to indicate
the error caused by neglect of the nonuniformity of current.

It may be noted that the formula (108) applies only to those wire
sections in which no two points can be farther apart than 2zp, the
pitch of the helix. A method of modifying the b, and ¢, series in
those exceptional cases where this condition is not satisfied is indi-
cated in Appendix 7.

We may now derive from (108) the two cases of greatest practical
importance, namely, that in which the wire has a circular section
and that of a rectangular shape.

(@) WiRE oF CirRcULAR SEcCTION.—Let the diameter of the wire
be a. Then

Each term ZZ, is identically zero, for if
2, =2, +cy,=re and z,= 1, + 1y, =r,e"

AkE—6)
EPk+1)T(2n+1— k)

n =(zz"“21)2n = rzzneizno’r(Zn‘l‘ 1)% (-~ l)k(r1>
k=0 r

ik (6r—0p)
Tk+1)T@2n+1-k)

r <1y —rl"“eizn“’ll‘(2n+1)2(—-])k( ) if r,>r,
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This gives for a circular section

:E%ffdszsffds 2n=-ffdsz,,2 _Sffdsrnewnﬂ-

(112)
=0if n7#0 '
Hence, the two series in (108) drop out.
It is readily found that for a circular section of diameter o
= “a 1 a
= S = 2 1.89473 113
log R=log 5—7=log 5+ (113)

Hence, we obtain from (108) the following formula for the inductance
of a helix wound with curcular wire:

Ln—To—2n (a + 2) [2N( 89473 —log -—2> .
m-[—o( (114)

Soe Co8) — —A, (k)— Z(M“1)<1+2aux)(2wp)}

When the diameter of the wire « is equal to the pitch of the helix

& —0,80473 _ o
5P e 0.40872, the principal

27p, the wires touch. When

correction term vanishes.

(b) WirE oF REcTANGULAR SECTION.—Let the length of the sec-
tion in the y direction (parallel to the axis of the solenoid) be 8. The
insulating space is 2rp—p. Let the thickness of the wire be a (in z
direction). Then

o=l kp=b

= 12 =12

NIR

It is easily found that

JEIR, 2(a, _ BB, _ &\ 25
P +§(Etan a-l—&tan B ~13

E
P

log —=log

(117)
1 2 2 2 2
5 d log(l +§;)+§-2 log(l +§2)]
In terms of the diagonal of the rectangle, p=+a*+8* and of the

acute angle; 6 =tan™ %» which it makes with the axis of the solenoid,

this becomes

‘*1 (tanz 0 log sin 6 + cot? 6 log cos 0)

1\

+3 [(g—0> tan 46 cot 0]—0.24545
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It is also found by elementary integration that

( Z \*® —4(— 1)n( p \® [cos?mtt g4 (—1)° sin?t4 §—cos (2n+4)6]
27D Jreal 2rp) (@2n+1) 2n+2) 2n+3) (2n+4) sin?f cos? §

, ) [B2+za 2n+4 8 )2n+4 i 2ﬂ+4]
—a(-1p (222) (BE) L2y (2n+21)rlz2n+3) @n T )

[—é—m + (—1)5]

— P 3N
_16(27rp) @nT1) @ns2) @nt3) @ntd) ifniseven and @

=£,=Oifnis odd and 0=£ (119)

We thus obtain from (108), when the wire has a rectangular section,
the general formula

BZ
L,,_Lo+27r(a+2>{A (k)+3[1 + oot | log 3

- ZN[ —log 27rp+ (tan” 6 log sin @ + cot? 8 log cos 6)

2/(~
l 5((5—0> tan 6+0 cot 0)—— .24545
(120}

2 ( n cog?t+40 4 (—1)Psin?m+46—cos(2n+4)9
sm28 cos?f o= " 27 2n 2n+1) Cn+2) 2n+3) 2n+4)
p

(R )1+ ) A e

+2(K E) kK] - p)2

cos2+4 g 4 (—1)® gin2o+4g

( ) —cos 2n-+4) 0
“sin? @ cos”ﬂ,f?z 2=1\2rp/ 2n(2n+ 1) 2n+2)(2n+3)
©2n+4)

provided p<2rp. If in exceptional cases p>2rp, these series may be
modified by taking out the cause of the divergence, which is the term

log l:l + (511-_13 ) ] The remaining series will then converge if
as explained in Appendix 7.

z|<4rp,
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It is seen by (109) that S, approaches 1 with increasing n. Hence
to obtain a more rapidly converging series than the above, we may
notice that if S,, were replaced by 1 the two series in (108) would
become summable, for by repeated integration from z=0 to =z of

the series
2 :z’“ 1
2—n= —--2' log (l—x’)

n=1

one finds that

P 7z
82% @nt1l) @n+2) @ntd) Cntd) +36””' a2
n=1
_(42)tlog 1+2)+(1—2)log (1—2)
6

and from this one finds that the real part of

@2n+1) 2n+2) 2n+3) 2n+4) 6

erens TG

£ (122)
B C 7 (i 2mp) (355 0)~7 (355
where
f (2:p’ ‘2’%):[(1 +2—7%)‘_6(1 +21rp> (21rp)
+(omp) Jloe V(1 +305) +(575)
+{(1-585) -0(1-205) (%)
+(2_:‘z3)4] log \/(1 —2_%) +(-2%) (123)

~4(1+225) o) (1 2rg)
~(55) | e

—4<1 2wp)(2vrp>[( 21rp
_(2 p)]t 21rp
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so that

] C= 0) [1—6( ) (2 p>]10g V 1+<2 p)
_8<27rp)[ <2 p)]t a 2:29

7(orarp)=[ 14205 ] s [1+(:55)] 25
+hﬂJMD%mﬂ

Hence, the formula (120) may be written

La—T,+2r <a+2>[A ) +4 [1+ :Ilog

—2N[—-log —‘)2—4.41212 +§ (tan? 8 log sin 6 + cot? 6 log cos 6)

+3((g—0>tan0+ocow)

ey’ 21rp f<21rp ) f("’m

*(ers) (org)

< )211 (coszn+40 + ( _ 1) nsln2n+40
E 27p —cos (2n +4) §) (S
~ sin?@ cos2 0 2n(2n+1)(2n+2)(2n+3) 2n+4) ™ (126)

+§<£7(c@_1)(1+ 2%’)(2@)

1 K—-FE B—at
+§[1.18123 +2(—-—)—-kK]W

25 f(21rp 27rp) f<27rp _f<0’2_%’)

N 3(2rz) (2r5)

( )211 (COSZn+40 + ( — 1) n Sin2n+4 /]
27p —cos (2n+4) 6) (s —1)
" sin? 0 cos2 0 2n (2n+1) 2n+2) (2n +3) 2n+4) V!

This formula is preferable to (120) because in it the two series

converge more rapidly, since S;,—1 and S,,_, —1 approach zero with
increasing n.
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In fact, it will be shown presently that in most cases the first two
or three terms of the first series will be sufficient for a precision
greater than 1 part in 1,000,000, while the second series may be
replaced by its first term, or neglected entirely.

A special case of (126) is that in which the wire section 1s a square.

Placing B=a and 0=% in (126) gives

L-Lo+2r(o+5 )[4, +3 108 3

p
() () )

_zN[—3.48045—10g <P

S (Zvrp 21rp) U (2vrp ) U (0’27@

6(‘2‘@

(127)
_322(2@) ((—1) +22n+1) (Sen— 1)] I

4n(4n+1)(dn+2)4n+3)(dn+4)

PRAC md C kd md G),
3 6=

_~642(2""’P) [

4n(dn+1)(dn+2)(4n+3)@n+4)

Another special case of (126) is that in which the wire is a thin
tape. Placing a=0, p=8, and =0 in (126) gives
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Ln=L,+2naf 4,0+ [1 - (5%)2] log &
4+ [1 18123+2(Kk E kK](2 ) +2N|:2 66212 +log 2?’
(o) (- velr-s
(s5)
(S2n—1)
+ 42 2&2(72Fn>+ N en +2):'

ne=1

42 1+—> log<1~r p)+(1 5 p) log(1—2rp
(m).

(128)

~-3 E(%p) Sy~

2n (2n+1)(2n +2)

If in this equation we let B=2xp, this gives the inductance of a
continuous current sheet. The bracket multiplying 2N is found to
vanish, so that for a continuous current sheet

Lh,=Lo+21ra{A2(k) +%[2 (5;_73)—75 K]— 0610

822n(2n f!11—1) (2n +2)

n=2

S Sp—1
+2N[” '11048+4212n(2n+21) @n12) ]

Or
L. — L+2m{A (k)—0755+3[ -—~—) m] (129)

This quantity Ly, is the inductance of a continuous helical current
sheet consisting of tape windings without insulation space. The
term L, is that of a truly cylindrical current sheet winding in which
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there is a circular component of current only. The largest part of the
remaining terms is the term

8aB SaJ' 4R fd (w/1+m)

41+ﬂ1

which is the principal term of 27xa 4,(k) (equations 89 and 90).
This term is the contribution of the axial or ¥y component of current
in the cylinder, as shown in Appendix 9. In Appendix 10 it is shown

that the negative of this, —Sc:rB"» represents the mutual inductance

between the helix and a return wire very close to the helix. The
remaining terms in (129) are relatively small and represent the end
effects due to the fact that the helical sheet differs slightly in shape
from the true cylinder.

A confirmation of this formula (129) for a helical current sheet
may be obtained by making use of the fact (Appendix 7) that

Fz(%)—l<§)= —log 2 sinh —% When 2,=x,=0 this becomes

—log 2 sin lyzzp s and the formula (108) then gives for the inductance

of a helical tape winding the expression

L= L+21ra{A (k)+3|:18123 2(———@—) kK](zw
SITRED N y 4% ST

-2N [log 2+ p mp (2—1) -—0) log sin 0]]

If we add to this the identically zero quantity

IRCE SEE RS

= (2wp>
+82__‘|2n(2 =0
n=2

n+1)(2n+2)
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Fi1a. 2.—The function B, of equation (90) -
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F1a. 3.—The function B, of equation (90)
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it becomes

Ly—I,+2na ‘Az(lc) + -;-[1 —(2—%)2] log 2
—!—%[1.18123 +2 (K—iiE)—kK](g%y

- ZN[log 2458 (— - o) log sin o] 6 (130)

(1+—~) log(1+—) (1— 8 ) log ( 2@
(2r5)

- 2(21@ °2n(2(§i_11)—(—22+2)}

1

10

k1]

Fia. 4.—The function A, of equation (89)



476 Scientific Papers of the Bureau of Standards [Vol. 21

Equation (130) is identical with (128). If we place 8 =2mp in (130)
it reduces to (129), since the integral

%L (m—0) log sin 0 d9= —log 2

and the terms multiplying 2 N vanish identically.

The function 4,(%) is plotted against % in Figure 4. It is obtained
by (90) in terms of B, and B,, which were obtained by graphical
integration and are shown in Figures 2 and 3, respectively. A more
accurate evaluation of B, could be made by means of the series given

in Appendix 9
2. NUMERICAL EXAMPLES

(@) CimrcurLar Wire (Formura 1 14) —
Diameter of wire=a =% mm =.05 cm 27p _ 9

Pitch of helix=2rp=1mm=.10cm | *
Number of turns= N=400
Radius of cylindrical form =a=14.975 cm

a=a+§=15.000 cm
From these data I=2xpN=40 cm

_ 1
=—ra

1 +<§>
1.7507538, A,(k) =.90
1.4180834

- 327@3(A-F)KE) —(1-— 2k2)E(k)
Lo 3(21rp)2{ 7 1}
_ 32x(15)° [ .64(1.750754) — .28(1.418083) _ 1}
— 3(.01) l 216 ‘

To=26,568 401 cm
Ly=T,—2x(15) {800 (.89473 — .69315) — .90

i)

- 0—301r{161.26—3.18—_.17(1+g‘;ﬂ>]

= .36k =.6k*=.216

K(k)

- E()

|

or

2w (15)

log =3

1
3

or

Ly=T,— {158 08—. 17(1 +2‘m‘>}

~T,—14,899+16 (1 + 20 2""“‘
or
L, =26,553,502 + 16 (1 +2‘”’"



Snow) Inductance of a Helix 477

If the current distribution is uniform %’5=0 and this adds 16 ¢cm

to the above. If the current density varies inversely as the length

of the helical filament 2%5= —2 and this subtracts 16 cm from the

above. The two distributions differ in inductance by 32 cm or about
1 part in 1,000,000. Rosa’s formula gives

Lh=fo-—41raN(.55687—-10g ~~—£-§-B400
or
Ly=T,—24,000(.55687 — .69315 +.3351)
=T, — 14,991 = 26,553,410 cm

In this particular example, Rosa’s formula is therefore lower than
that here obtained for the case of uniform current dlstrlbutlon by
4 parts in 1,000,000.

(d) SQUARD WIRE —To illustrate the formula (127) for square
wire, and to obtain a comparison with the preceding example, we
shall assume that the thickness a of the wire is the same as the
diameter of the round wire, the pitch, 27p, number of turns N, and
radius of form @ being also the same as before. Hence k and L, A,,

and log % have the same values as before. Then for this square wire

(127 becomes ‘
L.,=Z(,—240007r{—3.82702—§ (f(l,1 —f(%, 0>—f(0,%)>—32P‘

+3O"{ —5-15—13§<f(%’ f(z,O) (0,2» 64Q}+21(1 +2‘“‘x

where

=:Zl(%>2n ((—1)"4—22“_“)(8“1

An(dn+1) 4n+2) An+3) (4n+4')

=ij(% n () G
n=1

4n (4n+1) 4n+2) 4n+3) (4n+4)

Ly,= [,—24000x { —3.82702 + 8 (1.56268) — 32?}

+30r {3.18—64Q} +21 (1 + 2““‘)

— T, — 25345 +21 (1 +2‘Z") cm

=26,543,070 if ux=0
102333°—26——4
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The inductance of the helix with square wire is less than the cor-
responding one with circular wire of the same thickness by 1 part
in 2,600. Here again Rosa’s value is too low in this case by 6 parts
in 1,000,000. I am indebted to Dr. F. W. Grover, of Union College,
for the computation in this case by Rosa’s method. The errors in
Rosa’s formula would become more important with increase in pitch
of the helix or curvature of the solenoid. The formulas here ob-
tained contain definite correction terms to the second order in both
of these small quantities, and therefore permit of the use of smaller
solenoids for standards while maintaining the necessary precision.

.It has been shown that even in the most unfavorable case (that of
a continuous helical current sheet) the second series in (128) may be
entirely neglected, as it amounts to about 1 part in 25,000,000.
The first series may be replaced by the two terms corresponding to
n=1 and n=2 without in any case making an error as large as 1 part
in 1,000,000. We may therefore write the formula (126) for the
inductance of a helix wound with rectangular wire in a simpler form.

3. SIMPLIFIED FORMULA FOR INDUCTANCE OF A HELIX WITH
RECTANGULAR WIRE

Lo=To— 41r(a+2)N{1og,/x2+y —44121+% ( tan~ 2 1 +Ztan- ly)
+.1075 (a? —y?) —.00137[2 (2t +1*) — 52%177]

+ iy F 0,0+ Floy) = F (z, 9]

+2_’_f£{ 25 +34,(k) + 222 (El(clfl_ 1)(1 Jﬁ%)

(131)
3
—[1.18+2 %E kK] (@—y») +[1 422 —92] log%

f(x 0) +f (o, ?/) —f(wﬂ/)]
oty

where

& _B 2 1 a2 )
x 5ap’ Y 3P and 2?4+ 9y*=1 (132)

F(z,y) =f (z,9) + (@ +y") logva?+¢* (133)
f, ) =1y —622(1+1)?+ 2] logy T +y)? + 22
+[(1—y)*—622 1 —y)* +2logyT—y)" + &

x
1+

(134)

—4z (1 +y) [ +9*)—2?] tan™

<

~42(1~9) [~y ~#] tan™ 1=
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The function A,(k) is plotted against k*=———; ) in Figure 4.

1+(§E

If the bracket which multiplies 4= (a +%> N in this equation be com-

puted with an error of 0.0001 and that multiplying 2%:—(—1’ with an error

of 0.01, the error in L, will in general be less than 1 part in 1,000,000.
A computation of the inductance of the helix wound with square
wire has also been made by formula (131) with the same data as in
example 2, and the result differs from that of the preceding compu-
tation by 1 part in 2,000,000.

IX. APPENDIXES

Appendix 1.—EXPANSION OF CERTAIN HYPERGEOMETRIC
FUNCTIONS

The differential equation,
d? : d
2(1—2) T4+l — (@t B+ 1)) 3L —apy=0 (1)

where v—1 is positive but not integral, has the general solution? in
the range |z|<1.

y=0F (a,B,v,2) + C;at~"F(a+1—v,8+1—7,2 —v, 1) 2)

provided that neither v nor 2 — v is equal to zero or a negative integer.
In the range |1 —z{<1 there is a particular solution

y=F(a,B,a+B—v+1,1-2) 3)

which has a meaning if a48—~ is not equal to a negative integer.
Hence, in the common part of these two ranges, the function y, must
be of the form (2); that is,

ylEF(a,B,a+ﬂ—'y+1,1—$)= OIF(Ol,ﬁ, v, .’.U)
(4)
+ Cat="F(a+1—v,8+1—7,2—7,1)

where O, and C, are numerical constants to be found. It is known

that

_I'Nr'ly—a—p)
F'y—a)l'(v—8)

F(a,B,v,1) whenvy—a—8>0 6)]

and that
(1—2)*t82F (a,B8,v,2) =F (y —a,y —B,7,x) (6)

i Reimann-Weber, Partial Diff. Gleichung, 2, pp. 4-39.
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If «a4+8—-v>0 and we let z approach 1 in (6), then the second

member will approach the finite value F(Y)PI;S;— (g)_ ) and this shows

that the function F'(a,8,y,2) becomes infinite when z approaches 1,
and in such a manner that

hmlt B _TT(a+B—7)
it a+B—v>0
Similarly, it is found that
limit F(a;ﬁ;')’;w) — P('Y) : — ’
z=1Tlog 1—2) r@nxmlf“+ﬂ‘7“° @)

By the use of (7) when a+8—v>0 or (7/) when a+8—y=0 we
may determine the constants 0, and C, in (4) as follows: Mu]tlply

(4) by (1 — x) a+B—y

Ta+B—m L @HB—71>0

or by r&g——&—_—a if a+B—v=0. 'If we then let « approach 1, this

gives in either case

T'(y) Ir'2—vy)
0=05r@E T & Fari=TETI=7 (8)

Next multiply (4) by 27~ and let =0. This gives in either case

_Tla+B—v+I'(v—1)
S (N | ©)

Hence, when y—1 is positive, but not integral, while a+8—~y=0,
one finds from (8) and (9)

0= _T@=NT(@+B—y+DT(y—1)

T @+ 1—NTE+1-7) - 10)
If we let vy —1=v» and make use of the formula
- ™ _ (=1
I1(V)__Sin1ruI‘(1—--u)msin T @—n)T(1—v) (1)

where n may be zero or any positive integer, then the identity (4)
becomes with these values of C; and C,

( )=I‘(a—V)P(ﬂ—-V)I‘(a)I‘(ﬂ)F(a,ﬂ,a+ﬁ'—1’;1—93) (“1)“7f("—n)
Y &)= | T(a+B8—») sinw(v—n)
—”P(a;zii(f)~ ) Fla—»,f—v,1—v) —I‘-I:‘*-_(a)i(g) F(a,1 +v,x)] (12)

V—"n
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provided that 0<z<1, a+f~»=1, and »>0. When » approaches
the integral value n, the second member of (12) becomes indeter-
minate, for the denominator of the bracket vanishes and so does the
numerator, but the indeterminate form can be evaluated; that is
when »=n=0 or a positive integer

y,(x) = (—l)n[g; 2T (a—»)T'(B -—;()F_(j)—v, B—v,1—»,x)
d T'(e)T(B)
5 T B 1479

—T'(a)T
=(—1)“{T(§—_|)_7L@ F(a,B8,1+n,2) log z

NV 2 d/Ts+a—nT(s+B—7)
te gr(sﬂ)%( TG+1—7 )

pL+a)T(s+8) d 1 }
T'(s+1) dvIT(s+1+v))=n

y=

(13)

§=0

TF'()T(B)

=(-1) n[_mF(a,B,n—l-l,w) log

—-n - gI‘(s—i—a—V)I‘(s-}—B-—y)_d_ I'(s+a—v»)T'(s+B8—»)
te Zx I'(s+1DI(s+1—v) dv lo T(+1—>)

N s I'(s+a)l'(s+B) d
i Zx T(s+1DT(s+1+») dvlogI"(s+1+,,)}

3=0 v=0

By the use of Gauss’s formula

d VL 1\
(Elogl‘(z) =—-0+ 2<m~m)=\ﬁ(z) (14)

t=0
where
C=0.57721566 = Euler’s constant (15)

the limit (13) may be written

Y,(2) = (—1)“{—%%%-(—%) F(a,B,n+1,2)log =

@

n JE—v+a)T(s—v+p) . U — 40 — (s —
+ 2“7 T+ DI (s—v+1) W(s—r+1)—(s +a) —¢(s—r+pB))

§=0

+2w"rr(s+a)r(s+ﬁ) Y(s+rv+1) (16)

(s+DT(s+v+1) —n
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NOWhImt Y(—v+1)—yY(s—v+a)—¢(s—rv+p) _

F(S—V+1)
1 1
0+ Zn(t-l-a B IFitn—s t+1>
= T(s—n+1) if s—n=0
=(—1)"*3T(n—s) if s—n<0

Hence the limit (16) 1s

n—1
y4(@) =x_nzr(s—n+a)£((§;?)+ﬁ)r(n—s) (— )

—(—1)”21‘%5_—(% F(a,B,n+1,2) log x )

NV, TGs+a)T(+8 NV 1 1
+(=1) ;” F(s+1)T(s+n+1) ;<t+a+t+5
1

“Tt+1+n t+1

This is the value of the second member of (12) when v=n. If we
let y=a-+B—v, then the identity (12) may be written in the general
form

r(@T() o
I‘(,Y) F(a7 B; '771 "—2’) =
- ™ e BT (y—a)T'(y—B)
" sin 7r(a+ﬁ—’¥)1‘(‘)"‘a)r(7—ﬁ){ rl+y—a—B) Fey

—a)7—6;1+7_a_6;w) (18)

POTE) o g1y
O P, 8,1~ (r—a-B), 9]

when vy —a—Bf= —n=2a negative integer or zero this takes the form

T(@)T@) , ~
') F(a,B,v,1—2)=
s=a+f—y—1

_ (=Dreb RV I‘(s+'v al(s+v—Bl(a+B—v— 8), 2P
“Ta—ata—B| T(s+1) ‘

_ T@r®)
IMNa+B—v+1)

§=0

F(a,B,a+B—v+1,2) logz

(18a)

T(s+a)T(s+p) 2° |
- —IT(s+ T (s+a+p—v+1) T“(a’ﬁ"")l
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where

. 1
Te (e, 8,7) = E<t+a t+ﬁ t-r1+a+ﬁ v t+1> (19)

In case a+B—vy=0 the first summation on the right of (18a) disap-
pears and the principal term, when x is small, contains log z as a
factor. The identity (18) was derived on the assumption that y=1.
This restriction can probably be removed to the extent that (18) is
an identity in all cases in which both sides of equation (18) have a
meaning. We are here interested in the special case of (18a) where

a=n +l l o, .
2 n+1=a positive integer

B=n+1+7c k=0 but k need not be (20)
2 an integer

y=k+1

In this case y—a—pB= —2n, so that one obtains from (18a) the
formula

(—1)n I‘(n+7c F2>

F(n-r ,n—i- +7c k+1,1— x)-——

rk+1)
I'(2s) 1
=(-1) I‘(n+—§—7~c)\s & 8]+1)I’(28—ni ) (99 —n— 7c+-)x“
_,yv r'(2s—1) 1)
,Fl P(z[n_s]+2)r(gs_n—~) (28 Tz-L__)xzs}

log 2 Zr(s+n+2) (s+n+ +7»>
3)

TI‘(]L Bt T'(s+1)T(s+2n+1)

2“’11‘(8 TN+ )F(S +n+35 —i-k)

Fal DT 2 z® Ts(n,k)
TP(k n+2> o P(s+1)T(s+2n41)

where

o 1 1 11
TM:"‘)EZ t+n+~;- t+n+k+% tr2ndl i+l (22)
t=s
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In particular
Ty(o, 0) =4 log 2

n-1 g n-14k | ;-1 1
’E,(n,k)=To(0,0)—Z —1—2 1+2 t+1 (23)

t=0 t+§ t=o0 t+—2~ t=o0

if k is integral
There is also the general recurrence relation
1 1

1 1
Tori(nk) = Ty(nk) — - + +
s+n—l—% 8+n+k+1 8+2n+1 " s+1 (24)

The special case of (21) where n=0is

1
P(k+§> F( stk k+1,1— x)=—1/~F( S5+k 1 x) log =

e (21a)
a
8 1 1 k > 1 1 9
( +k)2r( ?P)(:gsl;? —z §<t+%+t+~2‘—+k ”1)

The special case of (21) where k=0 is

"F(2+n,2+n,1 1— )_ s-2n—1>0|: (s+~1?(n+:|1)r(2n s)( iy

1/"P<n+ 1)

ol (n+1) &

[ (s+ +")T“” 3 1 1
(t+n+ ) )

(é+n,%+n, 2n+1, x) log z
(21b)

I‘(s+1)I‘(s+2n+1) 1 t+2n+1 i+1
t==g 2

3=0

The special case where k=n=0 is

11

Z [I‘g:l%)J Z’ (t+1)(t+1) B

A special case of (18a) is a=6=n+%, v=2n+1.
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P(“z) 1 1
ﬁ 22n+1r(n+1) i (”+§’”.+§' 2n+1, 1—z)=
1 1 v

=§;{—F(n+§. n+5 1, :v) log z
1 2

1 ) I‘(s+n+§) .

e Y | e | B

[I‘(n—i——;—)] ,z,;' (s+1)

This gives

where
To(0) =4 log 2, Ty(n) =4 log 2 — 22 [if n>0
t=o0 t+—
2
(26)
Tyn) = T(n)+22 e ——17)if e>0
t=o ttn+g

Appendix 2.—GRAPHICAL METHOD OF COMPUTING B,
In the integral

s f an, f i) (\/\TE)

_1

let

This becomes

1
)
40V B, where B,~ ﬁ ", L "y VLA 1)

V1492

This function B, of n has been evaluated by means of an integraph

and plotted as a function of k2= in Figure 2.

1
149
Appendix 3.—EVALUATION OF +ry, ﬁ, ‘i fn “4,()d\ TO SECOND ORDER

Here p is a function of X defined by
| 1

W= 3
1+ N4 (r,—r,)P 1)
4r,r,
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and ¢,(u) is one of the functions defined by (38) of the text. By
inverting the order of integration

Y b M i 1
’\/7'17'2]; d)\lj; CAMES lV7'17'2J; o, (Wd\— —\/;1_7';1; o (NN (2)

But by (1)

d
NN= —4r.r, ;’;
so that
M p
- W/Tﬂ‘zf SrlAA = =4 () [ () B
0 = k'(e —gyr p4°
where
kz_ 1 Zz a«nd E—"‘“—"'— El —a
14— a
4a2
1 1—%2
/ Py = "—776{1+—(£+£‘)
\/ 1 2 @)
1+
4r,r,

3 2 2 1 2 2 (5_51)2 i
~Sra-mg —(1—k)(1+3k)—-8——}

_ (=&
‘\/ 14+ T2 Ty" (rz 8 4

47',7'2

Making use of the integral formula (49) gives

- vrlr2f1¢1(u)>sd>\= 4G ) [ by () B
0

- k“(E E‘)’I‘
3 (5)
=4(7'17'2) /’”:1 — d¢é(#) . 1 _Pzz dd’l(}lz)
3
7 P e P du,
b= 8
. E— E)
Now by (4) 1—p,>=->—">hence by (55) and (56)
_(1=p\do1(u,) 1 3 .
) Sk 15 -7 Tog -8
(6)

+15 (6 log 2-3) (¢~ 897}
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Also by Maclaurin’s theorem

I: 1— M dd’l(ﬂ) 1 #12 d¢1(l~¢1)
My dﬂx
_k*(E-—E‘)
p=p,
ks(g £)? d [1 ,“12d¢ (#1)
d#l

= 5] potun - (2 —1)¢ @) |- )
by (47) and (42). Or by (45) and (46)
[ 1—p? d¢‘1(ﬂ)

=1ri s[2—p) E(uy) —2(1 —p,%) K(py)]
_,.l_&s"ﬂ’ ' (7

—m [@—k) K(k) —2E (k)] (E—£)*

By means of (6) and (7), the value of (5) becomes

— Vrirs [, $a NN
A @) E ) 220 kDB () L Ye e og -t
8[31 3 L2E () - <2~lc2)K(k):|(£_El)z} 8)

This gives the last term in (2). To evaluate the first, we may make
use of the form for ¢, (u) given by (41), by which

— (! _4(rir)" f* [
l Txrzﬁ b (I‘) d\= T n cos 20df . _‘/ A2+ o?+8sIn? @ )
where
_ l _ 1/1 — Ky 2 (7‘2 ry)?
N "

Performing the integration with respect to X in (9) gives

x .
— %s - —
I ﬁ o, Gax =20, L 2 vos 20d6{ log (1+ v o 51 0)
. 11
—log+/a® +sin? 6} (1)

In this integral the term log (y+ +/#* +a?+sin? 6) may be expanded by
Maclaurin’s theorem in ascending powers of o, since 7 is finite. (It
may be noted that this procedure is not valid if » is also infinitesimal.
Hence, we can not expect the expression thus obtained to reduce to
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the correct value if we later let 5 approach zero.) This gives for
finite values of 9

Wi [, ouwdn=1E20 (5 cos 2000 t110g (0 + v oD
—log sin 6]
. !
2 L \/n?* +sin?0(4/ n* + sin? 0 +1)
+[log sin 6 —log +/a*+sin? 6]}

We shall next evaluate the three separate integrals corresponding to
the three square brackets on the right of (12).

(A)

(12)

% j; Ecos 260d8 [log (n+ +/n*+sin? 6) —log sin 6]
This is the result of placing a=0 in the original integral (11) and evi-

dently reduces to ) ::\/(’;)_ds Hence, by the use of (52)

-11; J; Ecos 20d9 [log (n + +/n* +sin? 6) —log sin 6] =

: (13)
=i1,;;i (K (u) — E )]

a® 7 cos 20d8
2w n* +sin? 8(+/n? +sin? 0 +7)

cos 26d6
2 T ez A
\/1+s1n 0(1+\/1+sm 6

© P n+ >

2 _— n

= 207}1/1 T +?) ( nzln) U; sin®**~2 6d6 — 2f sin?? Hdel
m

n=1

r(n_%)r(m%)("

_9_1__
T2 2r I (n)g (n+1)
n=1

s 1) 2y

n=1

—lym(L b ) NEWAEE PEAY
-5
2

1+JFJP[F 515 ,1 k2>+k2F(3 —,2k2>]}

B)

(14)

+



Snow] Inductance of a Helix 489

(by Euler’s transformation)

ﬂ{ 1+1/'1—P|:F( ’1k)+2dk (2’2’1 k>:”

~ (@ kD))

o?

2—{ w+41_k3[K(k)+f(l;c),, }

This result is, in fact, valid for all positive values of % less than 1;
that is, for any positive value of 7.

(©)

ks

%J; : cos 20d9 [log sin 6 —log+/a? +sin? 6]

Consider the integral

——%j;zcos 260d6 log +/o? +sin? 0= —ZI;J: cos 0 log (1+2a®—cos 6) d

__1 cos ¢ 3 1 “
- f de cosOlog(l 73 n“(1+2a’)“f cos™! §dg

(1+2 ’)Zr(k+2) 1

T(k+2) (1+2a%)%*+

=_(1+42a’)[ 21/—2 I‘<(s+ ) (1+;a2)2’]

o e e A e [ itz

4

Placing a=o gives %‘chos 26 log sin 6df = —-%

Hence

x

%J;zcos 20 [log sin 8 —log +/a? +sin? 0]d0=% (a—+/140a?
(15)

where
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2 ¢l
The second order term % may be replaced by g__gg_)z’ but the first

order term is

o (r—r\_ F— g E—g\  p—gn
~5= 2 1 __( 1 ’+ g

- '(41/@; T TIQ+T L+ E)E

provided that £—£'>o0, as Is assumed throughout. Hence, collecting
the results (13), (14), and (15) gives for the value of (12) after

1/1 -’
H1

placing 7=

1
l’v 7'17‘2‘[; ¢l (ﬂ) dﬂ'

~ AL (R ) — B () ~ e oy
(16)

+TVEE oy C2E (py 4 -1 RG]

This is the first term of the right side of (2). Adding (16) and (8)
gives for (2)

l t
< 7'17'2‘1; d)qJ: d\ ¢y (1)
4(ryre)" (1] (1 —ps? —(1=2uE 1-k2
_ (r;’) {§[( m)K(ux)ms( 2u1) (#1)—1]__1[‘___1/4]6(5_21)

: an
_E—E g gy + TV @)

DT g 3 PR KB

The first part of this expression which depends upon u; must next
be simplified by expressing p, in terms of & and infinitesimals,
according to (3).
E(Q—k

o=EU=E) g

To do this let
2_3 3 2} gt 2 2 Q:'_—_ff
ez—ﬁk(l——k)éﬁ +E(1—k) (143K 3

Then
=k + e —€?
Let,

Py =1 E® 0 —2k) E (k)
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Then

372
. 1-2
Py =CHEB dF"(k)=k35[K(k) — E(k):l

Then to the second order inclusive

Flu) =F ) +6F () — 2P () + 5 F7 k)

1—k) K (k) — (1 -2k ~ K
_U=BE®) - 0-2EW)_(( ) (KBLE®Y ¢y gy

+2(.1.;_3J£f) [(1 _’f{) Kk —E (k)] £t
+§(.1:P£) [(1—’%) K® —E(k)] (5~ £

Inserting these values in (17) gives

Y At 4 A
N’/fﬂ"zj;d )‘1J;¢1(I‘)d A
*h 1—k 1— —k? —
_strg) {3[\ E_QBOE_ T Q) (KB,
A PR L LT
(18)

sonfe],
+8[(1"k2 )K (5) s ](5 )2

where the modulus of K and FE is understood to be k. The factor of
the expression on the right is

(7‘17'2)’/’=013(1 +§)3/’(1 +£1)3/’=(L3 [1 +_g_ (E+£1) +3 ££1+% (g__:gq)z_ o __]
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The final simplification of (18) is obtained by multiplying in this factor
and rearranging the result. This may be written

‘/r*J';J;zi MJ;:ZI N oy (1)
421 4,14, (s+£1>-—g% (E—8) — e @ =8 + Ay EE+ A £
o (£ )
e A =1 [(1 B K- (-2)E_ 1]1
-5
Ay ~2E=G=PE (20)
A=+ [2E—(1k—’-§)x_ 2]

where K and E are the complete elliptic integrals of the first and
second kinds, respectively, of modulus % and

P S el 3 Y sk PO S D)
1 (l) a a
+ 3a ,

Appendix 4.—SECOND ORDER APPROXIMATION FOR G,(¥)

6 = —Vr [ 4 fidr e

Here y is a first order infinitesimal and

| g (r,—r1)?
B4, 4r,r,

Since this is a repeated integral over an infinitesimal range, the second
order approximation will be obtained by writing, according to (56)

¢, (u ___% log 8a—2—log A+ (r,—1¢)? } +infinitesimals



Snow] Inductance of a Helix ' 493

Hence to the second order if z=r, —r, +1iy

— [V A 2 v M
- 1/7°17'2Ld}‘1‘£d7\ by (W) =%{(2 —log 8@% + fd)‘lfd Nog/\2 + (r,— 7’1)2}

or
G®) 4a3{16w2+(£ = (E El) ol g ()

where the real part is to be understood.

Appendix 5.—EVALUATION OF G,(y) TO THE SECOND ORDER

=re—7Ty Y=Y, — Y4 (1)
where
1— p i
Gl(?/) —7’1r2p l: 282 XA [Jo-1 (rys) Jn-1(728)
(2)

+ J n+l (7’18) J n+1 (TZS)] dS

Since z, y, and p are to be considered as infinitesimals of the same

order, % and Z_y’ will be finite ratios in general. This may also be

written )
p p
Un-1 (my Y, )+un+l<x: Y, n
Gi(y) = 1/7‘17”22’2 bp PE = oy )
n=1
where
(e, Y, V=T [ o Talree) Jalras) s @

Since the second member of (3) contains the second order factor P,
we may neglect all terms in ux which are infinitesimal in z, ¥, and a.
To simplify ux we note that by (61), (62), and (56)

1(T,(k
ox (1) =V7'17’2]; V8 J g (718) Jx(ras) ds= { ( )+10g 2a —log 1/x2+y
(5)
+infinitesimals

where

1

- 12 +y2

1 + 4:7"17’2

-1

Ty0)=4log2, T,M=4log2-2) | —izifk>o (6
t=o0 t+§

102333°—261——5
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The expression (5) may also be written

dx(p) =11; {_f%gc_) +log 2a —log z] (7

where
2=+ (8)

and where the real part only of the complex function in (7) is to be
retained. From (4) and (5) it follows that

ug(x, ¥, a) —ox(p) = — Vrlrzfo ﬁ_—im e8Iy (r18) Jx(res) ds  (9)

We may next show that when a, ¥, and z (=r,—r, are positive
infinitesimals of the same order, the integral in the second member
of (9) differs by an infinitesimal from that obtained by replacing the
term Jy(ris) Jx(rs8) by the principal term of its asymptotic expan-

sion; that is, by 1008 28 \When this is proven to be allowable (9)
T 8 '\/ rre

will reduce to
1 oo} 28 _
u(x, Y, @) = ¢k (1) g R —1'*_%%26 8 cos z8 ds

y

=¢k("‘)~% 0001:826—33 cos%sds (10)
_1[Tyk) _, 2 _ oosei%zS
_w‘ 5 —logga— ), Tre®

where the imaginary part is to be rejected.

The justification of this procedure is by no means self-evident, for
the magnitudes rs and 7,s are not large in the lower part of the
range of integration; that is, where as is small. However, in this

0[2

case the factor ’1——_5—‘% reduces the integrand to a negligible quantity;

when as is not small, s is of the order of —61;' and the asymptotic ex-

pansions for the Bessel’s function then become valid. With this by
way of introduction, we may proceed to the proof by writing the
second member of (9) in the form

oo azsz
- '\/7'17"2J; me‘“ Jx(r18) Jx(ras) ds
1 tz

— A t A
= — rleraJ;me at‘/ Jk %Z— Jk % dt (11)

o tz

e zeva () (7
'Jrlrz’\/aﬁ 1+at26 Jk -\/&)Jk(v-&>dt
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(which is the result of changing the variable of integration by the
transformation s= %)

The first integral on the right of *(11) is infinitesimal, for it is
approximately equal to

— 12,] rt J r, t P
—Vriry Vo | £k g RE S KL

This integral, which contains the infinitesimal factor +a, is not
infinite, for the integral oscillates in sign between finite limits and
will be finite in amount, even if r,=7,, in which case it reduces to

i )T

2
Although [J k (%é)] oscillates between zero and a finite positive

value a large number of times when « is small, in the range of ¢ from

0 to 1 its integral is finite. Hence, because of the factor /a, the first
integral on the right side of (11) is negligible. In the second integral
where t=1, we may write

Jx (% Jx :}t W‘/_:V{ (k2 sm

(12)
+(=1)k singt——l—(kz—l)sinﬁ
Ve 4) " e

t
Ve
It is evident that the first term of this expansion, namely,

1
— 3
Tl cos —=
Ja Ve
is the only one which will not give an infinitesimal contribution to the
integral. For example, the term
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contributes the integral

m;gt 1/;’:t sin 2t
— k py
__a( 1) \/adm
1

™

which is equal to the algebraic sum of the areas of the arches of the
curve represented by the integrand. This curve consists of arches

whose width is = +/@ (infinitesimal) and their height continually
diminishes in magnitude as ¢ increases, while they alternate in sign.
The area (and the integral) is therefore smaller than the area of the
first loop or arch, which is infinitesimal.

Consequently the second member of (10) reduces to

(oo
- 4 SR A _
TIH—atze “trcos(ztw/a&dt

A further substitution ¢= —j——- reduces this to
a

[o0]
1 8 "Y;S x8
_}f1+s”e cos Tx—ds
Va

and the lower limit may be taken as zero instead of Ya, since

0 ¥ 8
S _e¢ * cos—ds
o1t §? «

is infinitesimal. The second member of (11) then becomes

b s
1 § e—y"T cos 22 ds
r ] 146 x &
0

which is a finite function of the two finite ratios % and % which estab-

lishes the validity of (10). Replacing o by ,z; in (10) and substituting
in (3) gives

6.1 =2 g[l N (Io(n—l) +2To(n+1)>_% log 2L F(_;)} )
n=1

T a®|8 n 2a0 2

where
loe) i nz

2\_9 il se ®°
Fy (;D> 6ppn=1n2f0 s & (14)
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Appendix 6.—THE INTEGRAL fo f(@) Jy (rz) Ji (o) da

Let f(z) be an odd single-valued function of the complex variable z,
which does not become infinite when the modulus of z becomes
infinite, and which assumes the real value f{(x) when z assumes the
real value z, where

z2=1x+1y=Re?®

The real integral[§ f(z) Jx () Jx (r2z) dz (Where r,>7,>0) is taken
along the positive real axis of z on which y=0, z>0, or simply 6=0.
If—5 <6=7 the Hankel's function H*(2) of the first kind has the
asymptotic expansion (when the modulus of z, that is £, is large).

2k+1

H* (o)~ ,—3/%—-—[1’(2) +iQ (2)]e (5 W
e 2R

where P(z) and @(z) have the customary meaning. Also

Jo(@&) =5 {HF@) — (~ D* (e @
Hence
J :o.f(x) Jk (7’1@) Jk (sz) dx’:‘% f:of(x) Jk (Tl.’t) Iilk K)"g.l,') dx

3 [ 7@ (-0 B x o)

[n the last integral we may change the variable of integration from
z to a' where

ol = xel™
so that it becomes

+ ;‘lzfo_mf(- ') (— DX (—rat) Hi*(re')dat

or dropping the prime and placing
f(=2) = —f(@), (= 1D)*Jx(=r@) =Jx(r2)

just
0
L ad +% f_wf(x) Jk('/'lflf) I{!k(rzx) dx
so that

f " F @) Jxri2) Je(rad) da=g f " f@rid(ng) X da 3)
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An infinitesimal element of length near the origin contributes a
vanishing amount to this integral, so that we may imagine the path
of the integral to be along the real axis from —  to + o, passing
not through the origin but going above it in an infinitesimal semi-
circle with the origin as center. If instead of ending at + c the path
were brought back to the starting point — « by integrating along
a semicircle with center at the origin and infinite radius, the contri-
bution of this latter path would be zero. To show this, we make
use of (1) together with the corresponding asymptotic expansion for
Jx(2) when the imaginary part of z is positive, namely

1 . —i(z—zk—-ﬂ'lr)
Jx(e) x—5——{P() —1Q(2) }e 4 4)
e 17—\/214'3

Replace z in (1) by rpz, in (4) by 7.2, then 72 and rz have the same
angle 6 since r, and r; are positive reals. Their moduli are » R and
roR, respectively. Hence, (1) and (4) give when R is large and
o<l

) e iz(ti—r)

(P(r2) +1Q(ra2))(P (r2) —Q(r12))

ryra 2

W’I:JK(TIZ) H1k(7'2€) ~ (5)
This vanishes with infinite value of B or mod z since z=x+1y and
12= —y+iz, and y>0 on the semicircle. Therefore, (3) may be
written

ﬁwf(x)Jk(rlx)Jk(rzx) dm=2—11-r—i (ﬁf(z) ik (ry2) Hi*(re2) dz
if ro>r >0

where the contour integral in the second member encircles posi-
tively the entire upper half of the z plane. It may therefore be
shrunk down about a number of infinitesimal loops, each encircling
a pole of f(z). If f(z) has no poles in the upper half of the z plane,
or if the sum of their residuals vanishes, then the value of the integral
is zero. In the particular case where

2 1 1 1 |
f@= n”::‘i[ in+ ’blb] (M

the simple pole at z=%" gives the residue

r T ank(rﬂ:) Jk(sz) dx= %%Jk(wz—:‘—l) Hlk(@”;)rz) if Ty, >T, (8) ,
Q0

s
4
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This exact expression may be simplified for our present purpose be-
cause of the fact that even for the smallest value of n (that is, n=1)
inry
p
In other words, the pole lies so far up on the imaginary axis of z that

and % are very large (;B is considered a first order inﬁnitesimal)-
1

the asymptotic expansion (5) is applicable. Placing z=?ip7—bin (5) gives

) nr, wmr e <n—n) wmr
Jk( ) ( ) ~p2n1/r1r2 [ (?2)
() ()]

This contains the small factor % hence, a second order approximation

will be obtained by placing P( > =P (mr ) 1

a(ig)-r(e-

2nr,
iQ %_n_z_)_ (k
2nr1
so that
[2(5)+e () ][ (5)-1e (5]
1 (k ——Z)_p(r, ) o1
~ 2n  r, 1,
since f—)and 27' are both small. Therefore
2 1
T, W) Hk<mrz _pe (_" (10)
2 21@1/7“17'2

neglecting infinitesimals of higher order than the second in FP and

2
L 4
r,—r o . .
“2—"1. Therefore the approximation to the second order inclusive

1
for the integral in (8) is

oo _n (B=n
—Jx(ry®) Julrys) da= L p (%) rp>r, (11)
2 21/7'17'2”’
x +p2
0
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Another particular case of (6) is where

wregriley ] o

The second order pole at 2 =%1' gives the residue

2 s D) dn = 5 I B |
(ﬁ

Z=*‘

(13)
iz (rs—ry) _ T3 n
S G| I N e
2+/rr,Ldz\ 2  24/rrm n
,=iD
P
to the second order inclusive.
Appendix 7.—TRANSFORMATIONS OF THE FUNCTION F;(2)
If
z=x+1y 1)

and if >0, or if =0 and y#27ki, k=4(0, 1, 2, 3,---) the
function F,(2) is defined by the convergent series

(o]

FE@=) " @)

n=1

This series defines a single-valued, periodic function of z of period 2#%
in the above range of z.

The function —log (1 —e¢™*) is a multiple-valued function, but its
principal branch is equal to the single-valued function F(z). Hence,
if we understand in the following that the symbol log « (where
is complex) refers to the principal branch of the logarithm, we may

write
FRE=S'Y""c _log (1—¢*) =—log 2e_5(g_7— e 2) @3
Z‘:’: " 2
or
1 ., 2
Fy(2) —52= —log 2 sinh 5 4)
NOW &
- © z \?
2 sinh -2-=zkI=III:1 +(m) ] (5)
Hence

Ro-j-leN[+GR)]
k=1
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If /<2 = thenfor k=1,2,8,4- - - - -+ - ..

DI AN

and
‘Zl"g[”(z 2 |- 2( = (e3)”

_Z( 1)“(%) an

hence

Fz(p —55——10 +nz=;bn(§%)2n-_-- if 2] <2mp ®
orif |z|=2xp ad z+#0

where

‘])n;}km Ll_)(?;):an 9

where the B,s are Bernoulli’s numbers

b= “‘6" —1.644934

1/ = 1

b= +§(§ﬁ)= 2 (1.082323)
1/ #® 1

b= ““g(gzg)— - 3‘(1.017343)

1/ = 1
be= +71<§Z5_(—)>— +Z (1.004077)
bs = —-% (1.000995)

n

so that b, -—(

very approximately if n is large.

The expansmn (8) will be convenient to use in case no two points
of the section 8 of the wire are separated by a distance greater than
2w, the pitch of the helix. Such would be the case for a square or
circular wire, or a rectangular wire whose diagonal does not exceed
the pitch of the helix. If the diagonal p exceeds the pitch 2xp, but
is less than twice this value, one might use an expansion analogous

2
to (8) by taking out the term log [1 +(%p) ] The remaining

series would then converge for the range |z| <4wp.
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Appendix 8.—TRANSFORMATIONS OF F,(2)
N1 (° . [s—inzs P \AL (® ., (s+inz
Fi(2) 2252 J; einzs (———_F-S—z—>ds=§ +2;};J; e‘“zs< T1e )ds (1)
n=1 N=1
Consider the integral
J:o ginss 81—:_% Zzz ) ds

Instead of the positive real axis of s, the path of this integral may be
taken as any path in the complex s plane, which starts at the origin
and goes to infinity in any direction in which the integrand vanishes
with infinite value of s, provided also that this path may be deformed
into the positive real axis without passing through either of the two
poles of the integrand, which are at s=+i. Let the path be a
straight line radiating from the origin, whose angle is «; that is, one
obtained by rotating the positive real axis through an angle a. Let

T

z=pe? =z +1iy where 2>0; y>0, 0<0< 3, s=Re*, ds=¢*dR
on the new path, so that
® s 8T
fn ez (1+82>ds

Y i(0—a
_ J‘oo }%_) ¢—DeR sin (0+a)+ineR cos 0+a) J R
0 e

(2)

The variable of integration is here the modulus R which is real and
positive. It is evident that the integral on the right will converge,
and that over the circular arc at infinity vanish, provided that
O0=<a+0=w; thatis, —6=a=wr—0 with the exception of the value

o =g in which case the pole s=% would lie upon the line. The two

cases which will be useful are the two limits of the range of a.
In the first case take a= —6. This negative rotation of the axis
encounters no poles; hence this gives

[¢9) Y o y 26
ﬁ s Sltf’;f ds = L (R—————~tf§§a )einpR dR

e t+,inp262i6 i
’ - ), (i) emat @)

[e*) > 2
[ ()
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A second expression for the integral on the left may be obtained
by taking a==—06. In thus rotating the positive real axis through
the positive angle =—6, the simple pole s=% is passed and leaves
a residual circuit integral about a loop inclosing the pole whose value
is 7% (1 +nz) e ™2 This gives a second expression

—ams2
f Inzs (S +mz) ds=m1(1+nz)e™ -+ f t 7 :L’fz )e""‘“ at  “)

Adding these two expressions (3) and (4) for the integral on the left,
and dividing by two, gives

1nze § 02 T —nz @t cos nt —n2? sin nt
L e e ds=1 (1+nz)e +f P dt (5)

Hence, summing with respect to n gives

Fe) = ,L - [ Z e —nz]
J; P [ Zcos nt 22 SH;;, nt]
or

_2 20 ()
2 @ +HEFE+Fs 1= -5 5+ [Tsha 0 +2v 0] @

(6)

where

¥ (t) = szcos nt_2_, t+ % if o=t=2r

4 sin nt

7I'
n=1

v (t) = _2(1_ 1) if o=<t=<9nr

while ¢ {t+27n) =¢(t) and ¢’ (¢+27n) =¢’ ().
The functions F, and F’; are the series defined by equation (78) in
the text.

The second member of (7) may be further simplified by taking
account of the periodicity of ¢ () and writing the integral

f( ya= [ Cra [ e [ e
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This gives

2F@ +izF@ +iF@) = — 5

e . (e— N ermy+(ZYet-1)
(r-t+g) erm ()
+2;Ldt (t+n)2+(‘2%§2

%-}-22 J;ldt (t—— (n+1) +[n(n+ 1)

2 1 t+
+(§Z’; "6 (t+n)2+n(-2%>2)}

= —r

erfea () e (2 Sy S

where

Up=20n+1—-|n (n+1)+%] 2 log (1 +%>

[Vol. 21

(8)

9)

va 2) =n (n+1) log 1+(§Z70> ; —2 (;;)2 log (1 +;n1-) (10)

1+(m11—>)

To sum the (numerical) u,_ series (9), we may expand the term

log (1 +1lb) in ascending powers of % - This gives

S )

which leads to the expression of (9) as a double series

DI ZZ( S lE e

fa=1 n=1
or

2"“:; (=DF [3’1k‘<k+1)2<7c+2)];7:‘

n=1 =3

(11)

(12)
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To increase the rapidity of convergence of this series, we may note

that for large values of & the sum 33 7%; is very nearly equal to unity
n=1

so that the &' term approaches (—l)k[ﬁ—m] which

corresponds to the development

—%log (1+w)—§5 [(1+w) log (1+:v)—x:l+1

=E (=17 [ﬁ‘mﬁﬁﬁ] =" (13)

For =1 this development (13) gives

13 - I 2
0-3-F log2~) ) (~1) [5%“ ) (k‘+‘2)] (14)

k=3

Adding this identically zero quantity to (12) gives

;un=3—13—310g2+ g(—l)k[ﬁ_mﬁﬁé_)][;%—l] (15)

The sum of the first 15 terms of the series on the right is—0.000345,
and this differs from the series by less than 0.000001. Hence

o)

Zun= 3 —lg- log 2—0.000345= —0.00400 (16)

n=1

To simplify the v,(2) series of (8), we proceed in a similar manner to
expand the logarithms in expression (10) for v,(2). This gives if

|| <2w
© (—1)k+1(i 2k
% (2) kZ}————,C =) Cu (17)
=1
where
1 1 1 1 1 ]
,Onl_‘rTm_+1_)+2[2_7?‘§%3+4—1?”5‘ﬁ3+ T ]
and if k>1 (18)
1 1 1 1 '
0“—W—(n+ 1)2k—2+n2k-1“‘(n+1)2k-—1 ]
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Using these expressions leads to the following double series for the
va(2) series in (8):

i__" ,(2) =i} i} (- i)k+1 (57;)21{ Ca

n=1 n=1 k=1

or
oo 2n
) we)=c, (2 )—2Ecn (2 ) (19)
n=1
where
X 1 1 1 1 1
01"—"2{‘7?(%1’17“[272—5#4‘7;1‘5@* T ]}
=]
1/ 1 1/ 1 .\ 1/ 1
—1—2 log 2+0.54072 =0.15442 (20)
and

T kal,_l if n>1 21)
k=1
Making use of (16) and (19) in (8) gives
2 2 .2 2 . ‘2 2 2 \? 2
2[ 2 ()i ()i )]+ G5 oz (a55)
- 4 i 2_ = 211
+47 (2—1;‘?5>10g7—'_=21r{0.66267+ 0.63754 (271'}7) 2 ch(‘) ‘p> |

Appendix 9.—ANALYTICAL METHOD OF EVALUATING THE INTEGRAL B,

B"‘f% N f o (ﬂ:?l):fﬁ?; K rmp) i O

(Interchanging the order of mtegration and performing the integration

o 1 .
with respect to 7,.) If we now let £'= Wiprw this becomes

+

B,-Yl-F

VK () diet flK(kl) ket
o Jer1 -k

k kY
Now
K (k) (E (k1)
- k12 d]/-l
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Hence

_ E(k) iy flK(kl) dk?
D=t = k fty1—ft?

3
If we next let k= 2\

and note that by Landen’s transformation

14+
(1 —I—k) (14X K(\) then k—%ﬁ g: and the preceding integral
becomes
[EOE A Dewn o
where ,
= i_:://i—kzso thatk=12—_|7_cl7%and 1%2%—%52 @3)
Now

ﬁgfﬁﬁlf(ufﬁmmA

ST () y RG]
=g g 1—tit 12[ r((:ii)] (e an)
D:{lae)] oy

nf 4 V[1.3.5. ... (2n—1) (kmﬂ k2n>]
=Z{1°g7?l“kl‘z_; 2.46..._2n ] Zntit

Hence
-\/1 —k3 K( )
f f 1/1 + 1,2
1 ’\/1 +’71
_ ERk) =~(1—k) {
] =1 T + 8\/7‘: lo 761
\[1.3.5. (.‘Zn D ke R 2)}
B[t (R
where -
Rl et

i = “
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The constant B, may be accurately computed by this formula. It
represents the contribution of the axial or ¥ component of current to
the inductance of a continuous cylindrical current sheet consisting of
tape windings without insulation space between them, for the in-
ductance AL, due to a ¥ component of current only in the limiting
case of a cylindrical current sheet, is

o I R =
\/( —y1)2+4azsm2( 5 )

—1fldfld1f2"d0f%d‘ L
=72)o% )% ) 0 ¢W/(y—y1)2+4azsin’¢
_g 1 1 1]% de¢
——wﬁdyﬁdy 0 v(y—y")?+4a®sin? ¢
__é' ! ¥ 11‘32E do
—Wﬂdyﬁ e 0 v (y—y")?+4a?sin? ¢
1 x

7 =35z N 9
=8';af 2ad"72fﬂ dﬂ1f2

0 0 0 \/1

fdnzf n (\/1+n1> 8¢

'\/1 +1,2 ™

Appendix 10.—THE MAGNETIC FIELD OF AN INFINITELY LONG HELICAL
CURRENT FILAMENT

1 .,
e sin? ¢

Imagine a helical filament having N turns to the right of the plane
y=0, and N to the left, whose total length is 2] where I=2xpN.
This helical filament winds around the ¥ axis and lies on the cylinder
r=r,. 'The points where it cuts the plane z2=0 are;:;’ or ;___—;1

1 =%
+ 27k where 0<y,<2np where k=0,1,2,3,4 -« .. ..
The three quantities 7,, ¥,, and p characterize a helical filament
extending indefinitely in both directions along the ¥ direction. Its
field is the limiting field approached by that of the helix of length, 21
when [ increases indefinitely in both directions. The component of
magnetic field will be found to approach finite limits, although the
vector potential from which it is derived, and which is a Newtonian
integral, becomes logarithmically infinite. However, it is easy to
find a finite and continuous logarithmic vector potential which serves
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to define the field in this case. The limiting field may be found by
first computing the vector potential due to the finite helix extending

r=r
from y= —1 to y= +1{ at a point P, [y=y§}where —1<y,<l.
z2=0

Itis evident from symmetry that when [ becomes infinite the poten-
tial will not be a function of 6, but of r, and y, only, and will be a
periodic function of y, for a given value of r,, These components
are by (18)

B 27N CcOos 01d61
A0 (7'27 Y2 0) - rlf_zfgf‘/Rz + (yz —=Y,— pal)z

I sin 6,df,
A (73 Y2, 0) = rlf—%N\/Rz + Y~y —pO)? W
2xN dol

Ay (ry, ¥, 0)=p

—2eny R+ (y,—y,—pb,)?

where there is a unit current in the helical filament which is wound
on the cylinder of radius r, and has a pitch 2xp, and which goes through

r=r,

the point y=1, where 0=y,=2xp.
z=0or 0=0

and where

Ri=r2+r2—2rr, cos 8, (2

The magnetic field at P, (r,, ¥,, 0) will be independent of 6,; that
is, functions of the two cylindrical coordinates r, and ¥, only, as will
the vector potential. Hence

H, (312, 0) =~ 30 4o (3 ¥, 0)

Ho (a9 O =g de Oy 00 O =y 13,0, 0) 3)

1 0
Hy (r,,v,,0) =;; 5"7'.; ry Ao (15 Ysy 0))

If we make use of Neumann’s theorem in the form

a oo
1 f © f
=2 | dse—Ivs—vi—phis E :enJ a(7,8) Ju (r28) cos nd
VR + (y,—y,— pb))? 0 o ' i '
where ¢ = % )
=11 n>0

102333°—261-—6
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we find

now

and

A0y yn 0) =1y ﬁ 5[ wey (45) Ty (739)
n=1
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40093, 0) =7, Y Ve ﬁ 08 [Tasy (748) Tasy (129)
0

n=

27N
Ty (r48) Tay (r49)] f ™ a8 cosb e e
—2%N

(5)
27N )
—Jny (78) Sy (r,s)]f \ df, sin n,e;~y1—~y—poils
—2aN
Ay 72, 0 =p Y o |, 5T0(r18) Ta (38
n=0
2N
+dJp (r8) Jn (r,s)]f_zwd()l cos nhe= |y3—yi—phils
27N o pgm| oa 2ps cos ~ (yz Yy
~ | y1~y1—Dé1[s — _
S s e i ®
P8 [3-(1+Y1—Y1) s e—(I=y1ty1) s]
p’s’+n?
27N 9 .on .
0, sin nd e——vi—pais= <P S ¥2=~91)
—2rN p282 + n?
n [e~Gya=y0s — g=(—vatyn)s
] )

p282 + 7?/2

Consider first the axial component Ay(r,, ¥,, 0) which becomes

Y(Tm Yo 0)=4 2 Enf ds ——; J (7'18)J (7'28) {GOS ? 2—?/1)
Q"-l-—

e—(+yi—y)s e—(l—ya+m)8}
- 2
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or

JO (rls) Jo (7’28) { 1— e—(+yi—yus + e—(—yrty1)s

Ay(ry, Y, 0) =2j; ds 5

+4 Z cos n(y,—Y,) J; ® ds sJu(r8) J (rzs)
n=1 4

2+___
P’

_9 Z J‘ s sJ (r,s)J (ry8) {e=@+y1=yis 4 g=(-yrtyns} (8)

@+
P

Now when ! — the last sum vanishes if —I<y,—y,< +l. The
second sum approaches a finite limit, but the first integral becomes
infinite logarithmically, since

f © ds Jo(7,8) J(r,s)
0 S

diverges at the lower limit. However, this term contributes only a
finite amount (in the limit) to the magnetic field component Hy(r,,
Y1, 0) by the second of equations (3) which is

_&221 d'j_(fl—s)-'ﬂ‘i) fJ(rls)Jl(rzs)ds

This integral is known as ‘‘Weber’s discontinuous factor,” and it is
known that

f P Tr) T () ds =2 . . . if 57,
0 T2
=0 ... ifr,<r, (9)

This may be expressed as 2 ay(r,, y,), where ay is a finite and
y or,

continuous vector potential given by
ay(ry, y,) = —2 log ry if r,>r,
=—2 log Ty if r, <7, (10)

(The passage from the Newtonian to the logarithmic vector poten-
tial amounts to discarding an infinite constant.) Hence, the axial
component Ay(ryy,) of the vector potential at any pomt P,(r,y,), due
to the unit current in the infinite helical filament, is

Ay(ryy,) =4 E cos — (y2 yl)f 8 Ju(ry8) Ju(r,s) ds

n2
2+__
P’
—~2log r, or —2log r, (11)
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according as 7, is greater than or less than r,. Now it has been shown
in Appendix 6, equations (8) and (11), that

g Jylrys) J (i ;

n
82+'5

p

~—P ““(rr_n)
2714/7'17'2 € P (12)

(independent of k)

provided 7,>r,. The last form is correct to the second order inclu-

sive, if -—Z'—)- and 7;2—;—7—1 are small quantities of the first order. If r,<r,
2 2

then we must interchange r, and 7, in the second member of (12).

Consequently, if neither of the cylindrical radii r, and r, are infini-

tesimal, the axial component of vector potential, due to unit current

in the infinite helical filament, is given by

o0 rs—T;
2 "n(—p—) )
Ay(ryy,) = —2log r2+_1fr—p— 2 ¢ " cos g (y,—yy) i r,>7y
n=1

172

2p (=) e_n(n;n) n '
=—2log r,+ e ; e (y,—y,) if r,<r, (13)

or, if we let

F@= ) 5=—log (1=¢™) (14
n=1
where
z="2"7'1+":(?/2"y1) (15)

Then (13) may be written

2 .
AY (7‘27 yz) = ‘/;—*Z:—;; Fz (%)"2 lOg Ty if T, >ry
(16)
2 .
=————\[r—1:;—2 F2<§>—2 log r, if ro<ry

where the real part is to be taken. It is interesting to notice from
(13) or (16) that since the pitch is small compared to r, or r, the
series in (13) which is a periodic function of y, of period 2rp becomes
insignificant when the point P, is not very close to the filament,
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leaving the term—2 log r, as the value of A, when r,>r, This
gives a magnetic field Ho=;2— which is that due to a unit current

2
flowing along the y axis. If the point P, is within the helix, the
magnetic field H, is practically zero. However, if P, comes very
close to the helix, the series becomes logarithmically infinite, since as
shown in Appendix 7, equation (8),

2)_ 2,102\, § V(=1 ¢z \m
P(5)- e 53 (5)+ 057 (55 s

" 17)
1
where Sn=2 7
k=1
If we write
2=ry—r+1 (Y, —y,) =R, ,ekn
then
2 Ry ra=rd NV (=1 R\
Ap) =ttt DV ED (e oo s 19
real part n=

However, if one desires to follow the corkscrew shape of the mag-
netic lines in the immediate neighborhood of the helical current
filament, it is necessary to evaluate the other components of the
vector potential. A similar treatment of the second equation of (5),
taking account of the fact that the second form of (12) is inde-
pendent of k, shows that to the same approximation

A (ryy,) =0 (19)

Similarly, the first equation of (5) reduces to

Ao )—4\/5F )+ itn>
o\73Y2) = ry2\p) Tpr, 1T Ty
(20)
=4y F(2)+ 2t ry<r
r, 2 P P 2 1
#

To examine the magnetic field of the helix, we may notice that at
points which are not very close to the helix it is not periodic, but is
equal to that produced by a current sheet in the cylinder r=r,, in
which there is unit current flowing in the direction of the axis and uni-
formly distributed, together with a uniform distribution of circular
current, the total current circulating around unit length of the
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cylinder being : !, since 27p is the pitch or width of one turn. This

2mp
part of the field is derived from a vector potential as follows:

0
HE(ry,y,) = ay Ad (7'2;?/2)
He a
6 (7'2;?/2) = ~or. A (7'2 7?/2) (21)

By == (rs(r 1))

where

AfE(ry,) = —2 log 7,y Ad(r,, Y,) = lfrz >1y

(22)
Af(ryy,) = —2 log 7y, Ad(ry,y,) =%if7'2<7'1
That is, making use of (22) in (21)
He=0, Hf =21 Hp=0if r,>r,
i (23)

1.
Hp=0, Hf=0, Hf=4r <§-”r—1;>lf r,<r,

In the case of the helix there is superposed upon this current-sheet
field H® a periodic field HP, which is negligible compared to the
former at appreciable distances from the helical filament, but which
becomes the predominating part of the field in the immediate neigh-
borhood of the helix. Its value at a point P, (r,%,) is given by

7 O 2
Hp=—44/25F (-)
r,0Y, 2\p
D=——_'_‘"—’ —
ar== 1 5 5(5)) @4
___4'\/7’1 b — 2
=2 (W1 (3))

where the real part is to be taken, and
’ -

z=|r,—ri|+7 (y,— Y1) (25)

The only places where this field is appreciable are those in which
z is small compared to r, or r,; that is, where 2 is of the same order as

the small quantity p or smaller, so that %is either finite or very small

(but not large). In this case
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o (H0) ) D

Y« <2 minus a term
or\"r, ) pn, 27, "

which is negligible in comparison with the first.

The field H® given by (24) is independent of 6, so that a study of it
in the zy plane 6,=0 gives a typical picture for any other plane
8,=constant. If we let 7,=1,, then when P, is in the neighborhood
of the filament the periodic part of the magnetic field is given by

p D
B i) =30 Hy (i) = =3
: (26)
2
HP (x,y,) =‘7‘.%) Hp (z,y,)
where

) 1 xa—x1 |+ ya—y1 |
¢p=4 10g [1 —€— b ] real part

If we take a new system of z and y axes parallel to the old ones but
with their origin in the helix, then a point in the neighborhood of the
origin has the coordinates

T=2,—T1 Y=Y,—"
and if x>0

X 2x
y*=2 log [1 —2¢" 7D cos %-!— e"i)'] 27

5 _dyp P . .. . .

ince H,D—a;and Hp= —3g itis evident that ¢? is the magnetic
flux function for that part of the periodic magnetic field near the
helix which lies in the zy plane. The z and y components of the
nonperiodic or “current sheet’’ part of the magnetic field may also be
expressed in terms of a flux function ¢®. In fact, the equations (23)
become with the new system of axes

_ g%
Hi=3 =~
where
Yi=o0if 2>0

2z . (28)
P I r<o

8
Hence the resultant field is derivable from the flux function

Y=y +yr (29)

The magnetic lines of force near the helix may be plotted from their
equations '

i X 2x
¢y=2log [1 —2¢" P cos % +e _B] +¢*=constant (30)
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These lines of magnetic force are identical with the equipotential
lines due to a grating of parallel wires in one plane in the presence of
an electric field. They are shown in Figure 13 of Volume I of Max-
well’s Electricity and Magnetism in connection with the electrostatic
problem which is mathematically identical with the one here con-
sidered.

Appendix 11.—-CORRECTIONS DUE TO LEAD-IN WIRES
The inductance of the helix and lead-in wires together is
L=L,+L,+2M,, (1)

To compute the mutual inductance M, between the helix and lead
wires, we may assume that the latter are linear and lie in plane y=0.
(See fig. 5.) The helix may be idealized as a continuous cylindrical

X

_—

[~~~
xP(‘)INTS OF SUBSTITUTIONS
OF HELIX IN BRIDGE.

i

~
S~

Y

e
Fi1g. 5.—Arrangement of lead wires

current sheet around which the current winds in helical lines; thatis,
we may consider the coil as consisting of tape windings without
insulation between strips. .Since each strip carries unit current, the
total flow in the y direction is everywhere constant and equal to

one, and the surface density of current has a ¥y component 511—“—1 and a

N 1

circular component of amount 1N 1,
B L 2mp
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It is evident that those leads which are perpendicular to the axis
of the cylindrical sheet have no mutual inductance with the latter,
so that

l
2 = =2 [ dy, 14 6,4, 0) — 4% (b~ 0]

1 ‘
= —4J;f 4 (b, y,, 0)di (2)

where the y component of the vector potential at any point (b, 7,, 0)
due to the current sheet, is given by

Ah(by 0)=_—1—J’?d f21r de¢
4 y Y1 2 “% Y2 0 1/a2+b2-—2ab COSs ¢+(y2“?/1)2

l ©
=%_le dy2 j:ﬂ'dd;ZenJ; dse~n—vis J (as) Ja(bs) cos n¢by (4)
2 n=0

K
_ f * 4y, ﬁ dse=m-3i5 J. (as) J, (bs)
)

=J‘oo 2_6—(‘%4'}'1) 8 _e—(';—_ﬂ) ] (3)
o dsdJy(as) J,(bs) P

Substituting this value of 4,*(d,¥,,0) in (2) and integrating gives

2= —4{FO+ F(5-1,)-F(§+3,) @)
where

FQ) = f [ Ptls— 1] 7, (as) J,(Bs)ds

1 1 (o3}
- ﬁ N ﬁ " ﬁ dse=s J,(as) J,(bs)

1 O 1 l B
=T—\/C_L—BJ:) d)\ J; dx/-")\K(”)‘) —71'—\/(;_5 J;dX(l )\)[.L)‘K(p,)‘) (5)

where
b—a\?
+(zr) and O ()

1 1
PR
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Changing the variable of integration from X to u gives

2| ([ Kwdp ""K(u)
FO==A0. pVe =1 g -mf d} "

w2
where
1 I )
ﬁ?+(2 m) ®)
But
fK(" ) du= E £ + constant
Hence

=?£L‘0[ so K () du Ho E ) _E(w) ]
FO== # uw/#o“’-u2+x/uo’—ﬂf Ko 2

(9)

If I, y,, a, and b are numerically given, this equation enables one to
evaluate F'(l) by mechanical integration. However, the integrand
of the integral in (9) becomes infinite at the upper limit u=p,. Hence
it must be put in a form more convenient for a graphical integration.
This may be done as follows:

#o K(ﬂ)#dﬂ 1/,0,0 _Hl K(ﬂl)+f _\/'__‘(ZL(K(I‘)

B2 i — 22

by integration of parts

— Ve teyigt =32 (E ()
=T K(m)-!-J:“ e {1_#,—3K(u)}d” (10)
Hence (9) may be written
_ 20 [ (N’ = [ EW)
F(D"‘T{J:” Ul [1_”2‘_3K(p)]du .v
Vo — Ew) Ew)
t K+ \/ﬂo = . )} (11)

If @ and b are fixed, u, is determined. Hence the integral in this
expressiow (11) may be drawn by means of an integraph and plotted
as a function of yx; and also plotted as a function of I. From the
latter curve, together with a table of elliptic integrals, the values of

FQ@), F (é—y(,), and (é+yo) may be readily obtained, so that the
term 2 My, given by (4) may be computed.
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It is interesting to note that if b —a is very small, as well as ¥,, the
return leads being very close to the solenoid, u, approaches 1 and g,
approaches %, so that approximately

2 My= —4F () = —= f ax f N i ()

——B
\/1+y1 L

8B

__8a d fy’ YLt/ (1/1+y,> 8a

It was shown in Appendix 9 that+——was the part of 4,(%)

which represented the contribution to the self-inductance due to the
axial component of current in the helix. It is evident, therefore, that
the return leads when very close to the solenoid just cancel this term
by their mutual inductance.

An important practical conclusion may be drawn from this. It is
found from Figure 2 that for a coil 40 ¢m long, of mean radius 15 cm,

approximately, which is 1/200000 of the inductance of the whole.
The important conclusion may therefore be drawn that if the return
leads are close to the solenoid, as in Figure 6, the correction due to their

mutual nductance with the helix may be taken as just—g—a—l—;ﬁ- This

term s plotted in Figure 2.

The remaining correction term is L,, the inductance of the leads.
This may be computed by familiar methods in terms of their length,
diameter, and their mutual inductance with each other, the latter
computed as if they were linear.

WasHIiNgTON, February 25, 1926.
&



